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L-GROUPS AND PARAMETERS FOR COVERING GROUPS 


MARTIN H. WEISSMAN 


Abstract. We incorporate covers of quasisplit reductive groups into the Lang- 
lands program, defining an L-group associated to such a cover. We work with 
all covers that arise from extensions of quasisplit reductive groups by K 2 — 
the class studied by Brylinski and Deligne. We use this L-group to parame¬ 
terize genuine irreducible representations in many contexts, including covers 
of split tori, unramified representations, and discrete series for double covers 
of semisimple groups over R. An appendix surveys torsors and gerbes on the 
etale site, as they are used in the construction of the L-group. 
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Introduction 


Constructions and conje ctur es. Let G be a quasisplit reductive group over a 
local or global field F. In o, Brylinski and Deligne introduce objects called 
central extensions of G by K 2 , and they express hope that for “a global field this 
will prove useful in the study of ‘metaplectic’ autoniorphic forms.” We pursue their 
vision in this paper, and elaborate below. 

Let n be a positive integer and let denote the group of n*** roots of unity 
in F. Assume that Pn has order n. Let G' be a central extension of G by K 2 , 
in the sense of B-D| . We call the pair G := {G',n) a “degree n cover” of G. Fix 
a separable closure F/F and write GuIf = Gal(F/F). Fix an injective character 
e: Mn • 

Associated to G^ Brylinski and Deligne associate three invariants, which we 
call Q, T), and /. The first is a Weyl- and Galois-invariant quadratic form on the 
cocharacter lattice of a maximal torus in G. The second is a central extension of 
this cocharacter lattice by Sm (in the category of sheaves of groups on Fet). The 
third is difficult to describe here, but it reflects the rigidity of central extensions of 
simply-connected semisimple groups. 

Part 1 of this article defines the L-group of such a cover G, from the three 
invariants Q, D, and / (as well as n, e, and F). It is an extension of Gal^ by 
G^, where G^ is a pinned complex reductive group, on which GaliT- acts by pinned 
automorphisms. Unlike Langlands’ L-group, ours does not come equipped with a 
distinguished splitting - although a noncanonical splitting often exists. Throughout 
the construction of '“G, the arithmetically-inclined reader may replace C by any 
Z[l/n]-algebra D endowed with e: without running into much difficulty. 

The dual group G ^ has be e n consid ered b y other a uthors, and it appears in various 
forms in 


i ijroup (j nas be e n consid ered b y otner a utnors, and it appears m various 
FL10l |. McN12 |. Reil2l |. and Ada+07l |. We tabulate the dual groups; 


each comes equipped with a 2-torsio n element tq(—1) in its center Z'^. 

In our previous article |Weil4al |. we limited our attention to split reductive 
groups, and constructed an L-group by bludgening Hopf algebras with two “twists.” 
The con struction here is more delicate, and more general. The “first twist” of 


Weildaj is encoded here in the following way. The quadratic Hilbert symbol may 
be used to define a canonical 2-cocycle, yielding an extension /i 2 Gal^ ^ GaU 
which we call the metaGalois group. The metaGalois group may be of independent 
interest - one might look for its representations in nature, e.g., in the etale coho¬ 
mology of a variety over Q(i) equipped with twisted descent data to Q. Pushing 
out the metaGalois group via the central 2-torsion element in G^ yields the first 
twist. 


(0.1) 


Z'^ ^ (rgj^GalF ^ Gal_F . 
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The “second twist” of Weil4al | provided the greatest challenge there and here. 
There, it was defined by twisting the multiplication in a Hopf algebra. After at¬ 
tempting many reformulations (e.g., a Tannakian approach), we found the gerbe 
Ee(G) on Fet, which applies to covers of quasisplit groups and serves as the second 
twist here. It is a bit different from gerbes that typically arise in the Langlands 
program, and so we include an appendix with relevant background on torsors and 
gerbes. The etale fundamental group of this gerbe provides the second twist, 

(0.2) -^7rf(E,(G)) ^Galf. 

The Baer sum of (EU and (ina gives an extension of Galp by Z'^. Pushing out 
to G'^ (respecting the Gali;’-action throughout) yields the L-group 


'-G 


Gali^, 


of Part 1. In addition to its construction, we verify that this L-group behaves well 
with respect to Levi subgroups, passage between global fields, local fields, and rings 
of integers therein, and that the L-group construction is functorial for a class of 
“well-aligned” homomorphisms. 

The construction of the L-group allows us to consider Weil parameters. When 
F is a local or global held, we consider the set $e(G/F) of G'^-orbits of Weil 
parameters Wp —>■ '“G. When O is the ring of integers in a nonarchimedean local 
held, we consider the set $e(G/G) of G'^-orbits of unramihed Weil parameters 
Wp —>■ '“G. One could similarly dehne Weil-Deligne parameters, (conjectural) global 
Langlands parameters, etc. 

In a set of unpublished notes, we constructed an L-group for split groups without 
using the gerbe discussed above. This “F-i -|- F^ ” con struct ion has been studied 
further by Wee Teck Gan and Gao Fan in GG14| and |Gaol |. The construction of 
this paper agrees with the Ei + E 2 construction for split tori, but we have not 
checked that the constructions agree for split reductive groups. 

With the construction of the L-group complete, we turn our attention to rep¬ 
resentation theory in Part 2. The cover G and character e allow us to dehne 
e-genuine irreducible representations of various sorts. The set ne(G/*) is dehned 
in three contexts. 

F a local field: Brylinski and Deligne construct B-DI . §10.3] a central ex¬ 
tension /i„ ^ G ^ G = G(F), and we consider the set n£(G/F) of 
equivalence classes of irreducible admissible e-gen uine r epresentations of G. 

F a global field: Brylinski and Deligne construct B-DI . §10.4] a central ex¬ 
tension ^ Ga ^ Ga = G(A), canonically split over G(F), and we 
consider the set n£(G/F) of equivalence classes of e-genuine automorphic 
representations of Ga. 

O the integ ers i n a nonarchimedean local field F: Brylinski and Deligne 
construct § 10 . 3 , 10 . 7 ] a central extension ^ G ^ G = G(F), 

canonically split over G° = G{0). We consider the set Yi^{G/0) of equiv¬ 
alence classes of irreducible G°-spherical representations of G. 


Part 2 introduces these classes of representations, reviewing or adapting foun¬ 
dational results as needed. These include old results, such as the basic theory of 
admissible, unitary, and tempered representations, and results which are recent 
for covering groups, such as the Satake isomorphism and Langlands classification. 
Some new features arise for covering groups: we introduce the notion of “central 
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core character” which is a bit coarser than “central character.” We place irreducible 
representations into “pouches” which should be subsets of L-packets in what follows 
later. 

The remainder of the paper is devoted to supporting the following “Local Lang- 
lands Conjecture for Covers” (LLCC), an analogue of the local Langl ands con jec- 
tures (LLC). For the LLC, we refer to the excellent survey by Cogdell CogQfil l . 


Conjecture 0.1 (LLCC). When F" is a local field, there is a natural finite-to-one 
parameterization, 




Such a conjecture is nearly meaningless, without defining the adjective “natural.” 
Naturality in the (traditional) local Langlands conjectures (LLC) includes compat¬ 
ibility with the bijective parameterizations for split tori (class field theory) and 
unramified representations (the Satak e isomo rphism), and with parabolic induc¬ 
tion (the Langlands classification). In |Bor Zi §10], it is suggested that naturality 
includes desiderata which specify how central characters and twisting by characters 
should correspond to various properties of and operations on Weil parameters. One 
could add to these desiderata today, specifying for example how the formal degree 
(of disc rete series) should correspond to adjoint 7-factors for Weil parameters (see 
(hiiosIi l or ho w the c ontragredient operation should correspond to the Chevalley 
involution (see |AV12i |l. 

For covers, we can make a similar list of desiderata for the LLCC. We expect 
a finite-to-one parameterization for covering groups, compatible with our results 
for split tori (described in Part 3), with the unramified case (described in Part 4), 
with parabolic induction (via the Langlands classification for covers) and central 
core characters and twisting by characters (described in Part 2), and with formal 
degrees and adjoint 7-factors. 

Unlike the LLC, we have not attempted to characterize the image of our con¬ 
jectural parameterization in this paper, i.e., we have not identified the “relevant” 
parameters for covering groups. The cases of split tori and discrete series for real 
groups should suggest a characterization in the future. 

Part 3 focuses on the case of “sharp” covers of split tori. For such a sharp 
cover (over a local or global field, or in the unramified setting), we define a bijective 
parameterization 

n,(f/.) ^ #,(f/.). 

This parameterization is natural for pullbacks of covers via isomorphisms, for iso¬ 
morphisms of covers of a given split torus, and for Baer sums of covers. This 
case constrains and guides many others, and it occupies the largest part of this 
article. The “sharp” case quickly leads to the general case of split tori, where the 
parameterization may no longer be surjective. 

Part 4 includes three more cases where a precise parameterization is possible. 
First is the spherical/unramified case. When G is a cover of a quasisplit group over 
O, we define a bijective parameterization 

n,(G/0) ^ $,(G/0). 

This parameterization follows from the Satake isomorphism (for covering groups), 
the parameterization for sharp covers of split tori above, and careful tracking of the 
Weyl group actions. 
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In GGl-d |. Gan and Gao have verified the LLCC for split tori and unramified 


representations of split reductive groups, in the context of the L-group given by the 
El + E 2 construction. 

Second, we consider an anisotropic torus T over K (i.e., T = T(K) is compact) 
and a sharp double cover T of T. In this case, we define a bijective parameterization 


n,(f/R) ^ $,(f/R). 


This case - when T is a torus in the oldest-fashioned sense and the representation 
theory is dead-simple - is interesting from the standpoint of parameterization. It 
validates our choice of gerbe, since the equivalence class of the gerbe must be exactly 
right to correspond to the correct lattice of characters. 

Third, when G is a double cover of a semisimple quasisplit group over R, we 
define a finite-to-one parameterization of discrete series, 

nf"‘=(G/R) ^ #f"‘=(G/R). 


This is based on the Harish-Chandra parameterization of discrete series, our pa¬ 
rameterization for anisotropic tori, and careful tracking of involutions in the Weyl 
group. 


Further questions. As in the original Langlands conjectures. Conjecture [OT] sug¬ 
gests directions for further investigation. Here are a few examples, within reach. 

(1) (Inspired by recent work of Wee Teck Gan and Fan Gao |GG14 | on PGL 2 ). 
When G is a cover of a split group with trivial firs t invar iant {Q — 0), 
one can find a z-extension (in the sense of Kottwitz Kot82j l H —?> G for 
which the pullback cover H is isomorphic to the trivial cover. This identifies 
genuine representations of G with ordinary representations of E[ satisfying 
a constraint on the central character. This identification should be reflected 
on the side of Weil parameters, and the LLCC for such covers G should 
relate to the LLC for H. 

(2) (Inspired by a conversation with Wee Teck Gan). When G is a group 
over C, there are nontrivial covers G, but the resulting covers of complex 
Lie groups split canonically. In this way, the genuine representations of G 
correspond to ordinary representations of G. This should be reflected on 
the side of Weil parameters, and the LLCC for G should relate to the LLC 
for G. 

(3) (Inspired by the work of Adams and Vogan |AV12 |1. When G is a cover of 
G, a group over a local field F, one may define an inverse cover G°p with 
respect to the Baer sum. If tt is an e-genuine representation of G, then the 
contragredient representation of tt is naturally an e-genuine representation 
of the inverse cover G°p. The dual groups of G and G°p are the same, 
but the L-groups may not be. The contragredient should be reflected on 
the side of Weil parameters, extending the Chevalley involution of the dual 
group to a map connecting the L-group of G with the L-group of the inverse 
cover G°P. 


Much broader investigations are possible as well, given the L-group constructed 
in this paper. Even restricting to the local case, examples include: the study of 
pure inner forms (strong inner forms for real groups) and “stability” for covering 
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groups; endoscopy for covering groups; the completion of the local Langlands con¬ 
jectures for covers of reductive groups over R; base change for covering gr oups ; 
Langlands-Sh ahidi L- functions for covering groups (initiated by Fan Gao in |Gao | 
and Szpruch |Szpl3tj |l: the parameterization of Iwahori-spherical and depth-zero 
representations; etc. 

Philosophies. A few principles are helpful when considering any putative Lang¬ 
lands program for covering groups. 

(1) There is no e-genuine trivial (or Steinberg) representation for general covers, 
and so one should not expect a single distinguished splitting of the L-group. 

(2) If some set of things is parameterized by cohomology in degree 2, then that 
set of things should be viewed as the set of objects in a 2-category. 

(3) Things which “are trivial” (e.g., extensions, gerbes) can be isomorphic to 
trivial things in interesting ways. 


Acknowledgments. The ideas of this paper have evolved over the past few years, 
and I am very grateful for the numerous mathematicians who discussed the con¬ 
structions in various stages of completeness and correctness. The American Insti¬ 
tute of Mathematics hosted a conference at which I spoke with Wee Teck Gan, Gor- 
dan Savin, Jeffrey Adams, Sergey Lysenko, Tamotsu Ikeda, Kaoru Hiraga, Tasho 
Kaletha and others. Their previous work, and our discussions at the conference 
and elsewhere, have been very helpful. I also appreciate the support of Harvard 
University during a short visit, where I gained insight from discussions with Dennis 
Gaitsgory, Dick Gross, and John Tate. During a visit to the University of Michi¬ 
gan, I gained from feedback from Stephen DeBacker, and learned about gerbes from 
James Milne. I appreciate the hospitality of the University of California, Berkeley, 
where I finish ed thi s pap er during a summer visit. 
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conjectures of this paper, and they have gone further in developing the Langlands 
program for covering groups. I have greatly appreciated our frequent conversations. 
Their results provided constraints which kept the constructions of this paper on 
track. 

Pierre Deligne has kindly corresponded with me in a series of letters, and his 
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deeper understanding of the crucial questions, and his correspondence motivated 
me to pursue this project further. 
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Notation 

F: A field, typically local or global. 

F: A separable closure of F. 

O: The ring of integers in F, in the nonarchimedean local case. 
A: The ring of adeles of F, in the global case. 

Fr: The geometric Frobenius automorphism. 

S: A connected scheme, typically Spec(A) or Spec((!l). 
s: The geometric point of S corresponding to F. 

Gals: The absolute Galois group 7rf*(S', s). 

X: An algebraic variety over S, or sheaf on S'zar- 
Gm- The multiplicative group. 

X or Xp- The F-points X(F) for such a variety. 

X: A scheme over Z. 

The group scheme over Z of n**' roots of unity. 

Hn- The group assumed to be cyclic of order n. 

§: A sheaf on S^t- 

§[17]: The sections of § over U {U ^ S etale). 

S- A local system on S^t, of group schemes over Z. 

C: A category, with objects Ob(C). 

E: A gerbe on S^t- 

E[17]: The groupoid of sections of E over U. 

A: An abelian group. 

A[n]' Its n-torsion subgroup. 

Ajn- The quotient AjnA. 
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Part 1. Covering groups and their L-groups 

1. Covering groups 

Throughout this article, S will be a scheme in one of the following two classes: 
S = Spec(P) for a held F, oi S = Spec((!l) for a discrete valuation ring O with 
fraction held F. In the latter case, we assume that O contains a held, or that O 
has hnite residue held. We will often hx a positive integer n, and we will assume 
that /i„ = is a cyclic group of order n. In Section UJ we will place further 

restrictions on S. 




1.1. Reductive groups. Let G be a reductive group over S. We follow 
in our conventions, so this means that G is a smooth group scheme over S such 
that Gg is a connected reductive group for all geometric points s of S. Assume 
moreover that G is quasisplit over S. 

Let A be a maximal 5'-spht torus in G, and let T be the centralizer of A in G. 
Then T is a maximal torus in G, and we say that T is a maximally split maximal 
torus. Let X and y be the local systems (on ^et) of characters and cocharacters of 

T. 

Let N be the normalizer of T in G. Let W denote the Weyl group of the pair 
viewed as a sheaf on S^t of hnite groups. Then W[5'] = N(5')/T(5') (see 
SGA3I . Expose XXVI, 7.1]). Let B be a Borel subgroup of G containing T, dehned 


over S. Let U be the unipotent radical of B. 

Propositiou 1.1. Assume as above that G is quasisplit, and S is the spectrum of 
a field or of a DVR. The group G(5') acts transitively, by conjugation, on the set of 
pairs (B,T) consisting of a Borel subgroup (defined over S) and a maximally split 
maximal torus therein. 


Proof. As we work over a local base scheme S, |SGA3l . Expose XXVI, Proposition 


6.16] states that the group G{S) acts transitively on the set of maximal split subtori 
of G (dehned over S). 

Every maximally split maximal torus of G is the centralizer of such a maximal 
split torus, and thus G(S') acts transitively on the set of maximally split maximal 
tori in G. The stabilizer of such a maximally split maximal torus T is the normalizer 
N(S'). The Weyl group W]S'] = N(5') /T(5') a cts simply-transitively on the minimal 
parabolic subgroups containing T by |SGA3l . Expose XXVI, Proposition 7.2]. This 
proves the proposition. □ 

The roots and coroots (for the adjoint action of T on the Lie algebra of G) form 
local systems d) and on S^t, contained in X and y, respectively. The simple 
roots (with respect to the Borel subgroup B) and their coroots form local systems 
of subsets A C d* and C d>^, resp ectively. In this way we hnd a local system 
on Set of based root data (cf. |Bor Zl §1.2]), 

= (X,$,A,y,$'^,A''). 

Write y®'^ for the subgroup of y spanned by the coroots. 

1.2. Covers. In B-D| . Brvlinski and Deligne study central extensions of G by K 9 . 
where G and K 2 are viewed as sheaves of groups on the big Zariski site Szg,r- These 
extensions form a category we call CExts(G, K 2 ). Such a central extension will be 
written K 2 ^ G^ ^ G in what follows. We add one more piece of data in the 
definition below. 
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Definition 1.2. A degree n cover of G over ^ is a pair G = (G',n), where 

(1) K .2 ^ G^ ^ G is a central extension of G by K 2 on ^zar; 

(2) n is a positive integer; 

(3) For all scheme-theoretic points s G S, with residue field f(s), #M^(f(s)) = n. 


Define Cov„(G) (or Cov„/ 5 (G) to avoid confusion) to be the category of degree 
n covers of G over S. The objects are pairs G = (G',n) as above, and inorphisms 
are those from CExts(G, K 2 ) (with n fixed). 

If 7 : 5'o —>■ S' is a morphism of schemes, then pulling back gives a functor 
7*: Cov„/5(G) —^ Cov„/ 5 p(Gsp). Indeed, a morphism of schemes gives inclusions 
of residue fields (in the opposite direction) and so Condition (3) is satisfied by the 
scheme So when it is satisfied by the scheme S. 

Central extensions K 2 ^ G' ^ G are class ified by a triple of invariants 
(Q, D,/). For fields, this is carried out in |B-D| . and t he exten sion to DVRs 
(with finite residue field or containing a field) is found in Weil4hl |. The first in¬ 
variant Q: y —>■ Z is a Galois-invariant Weyl-invariant quadratic form, i.e., Q G 
H9^{S,§ym'^{T)^). The second invariant CD is a central extension of sheaves of 
groups on S^t, 9m ^ 2) ^ y. The third invariant / will be discussed later. 

A cover G yields a symmetric Z-bilinear form /3 q : y y —>■ n“^Z, 


/3q(2/d 2 / 2 ) := n ^ • {Q{yi + 1 / 2 ) - Q{yi) - < 5 ( 2 / 2 )) • 


This defines a local system yQ_„ C y, 

yg.n = {?/ e y : Pqiy.y') e 2 for all y' g y}. 


The category of covers is equipped with the structure of a Picard groupoid; one 
may “add” covers via the Baer sum. If Gi, G 2 are two covers of G of degree n, one 
obtains a cover Gi -j- G 2 = (G 1 + , n). 

When G = (G^,n) is a degree n cover of G, and H —>■ G is a homomorphism 
of groups over S, write H = (H^, n) for the cover of H resulting from pulling back 
extensions by K 2 . 

In three arithmeti c con texts, a cover G yields a central extension of topological 
groups according to § 10 . 3 , 10.4]. 

Global: If S' = Spec(F) for a global field F, then G yields a central extension 
fjLn ^ Ga ^ Ga, endowed with a splitting ap: Gp ^ Ga- 

Local: If S = Spec(F) for a local field F, then G yields a central extension 
/i„ ^ G ^ G, where G = G{F). 

Local integral: If S = Spec(G), with O the ring of integers in a nonar- 
chimedean local field F, then G yields a central extension y.n ^ G ^ G, 
where G = G(F'), endowed with a splitting a°: G° ^ G. 

Fix an injective character e: y,n ^ This allows one to define e-genuine 

automorphic representations of Ga in the global context, e-genuine admissible rep¬ 
resentations of G in the local context, and e-genuine G°-spherical representations 
of G in the local integral context. 

The purpose of this article is the construction an L-group associated to such a G 
and e. We believe that this L-group will provide a parameterization of irreducible 
e-genuine representations in the three contexts above. 
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1.3. Well-aligned homomorphisms. Let Gi D Bi D Ti and G 2 D B 2 D T 2 

be quasisplit groups over S', endowed with Borel subgroups and maximally split 
maximal tori. Let Gi = (G']^,n) and G 2 = (G 2 ,n) be covers (of the same degree) 
of Gi and G 2 , respectively. Write and ^2 for the cocharacter lattices of Ti and 
T 2 , and Qi,Q 2 for the quadratic forms arising from the covers. These quadratic 
forms yield sublattices and y 2 .Q 2 .n- 

Definition 1.3. A well-aligned homomorphism I from (Gi, Bi, Ti) to (G 2 , B 2 , T 2 ) 
is a pair I = {l, i') of homomorphisms of sheaves of groups on Szar, making the fol¬ 
lowing diagram commute, 


( 1 . 1 ) 


K2 '-^ G'l -» Gi 


= 


1 


C 2 -- 

-^G' - 

—» G 


and satisfying the following additional axioms: 

( 1 ) L has normal image and smooth central kernel; 

(2) i(Bi) C B 2 and t(Ti) C T 2 . Thus l induces a map t: yi — t y 2 ; 

(3) (t, b') realizes G)^ as the pullback of G 2 via t; 

(4) The homomorphism l satisfies t(yi,Qi.n) C y 2 ,Q 2 ,n- 


Remark 1.4. Conditions (1) and (2) are inspired by BorTfll §1.4, 2.1,2.5], though 
more restrictive. By “normal image,” we mean that for any geometric point s —> 5, 
the homomorphism t: Gi^j —>■ G 2 ,s has normal image. Condition (3) implies that 
for all y G yi, Qi{y) = Q2{i'iy))- In other words, Qi is the image of Q2 via the 
map 

b* ■. HUS,$ym\X2)) ^ Hl{S,$ym\T,)). 


But Condition (3) does not imply Condition (4); one may cook up an example with 
Gi = Gm and G 2 = G^ which satisfies (3) but not (4). 


Proposition 1.5. The composition of well-aligned homomorphisms is well-aligned. 


Proof. Suppose that ( 61 , 6 ^) and ( 62 , ^- 2 ) nre well-aligned homomorphisms, with 
ti: Gi —>■ G2 and b 2 : G2 —t G3. Conditions (2), (3), and (4) are obviously satisfied 
by the composition (t 206 i, b 20 bi). For condition (1), notice that the kernel of 62011 
is contained in the kernel of 61 , and hence is central. The only thing left is to verify 
that 62 o 61 has normal i mage. T his may be checked by looking at geometric fibres; 
it seems well-known (cf. |Kot84 §1.8]). □ 

Inner automorphisms are well-aligned homomorphisms. 

Example 1.6. Suppose that G is a degree n cover of a quasisplit group G. Sup¬ 
pose that Bq D To and B D T are two Borel subgroups containing maximally split 
maximal tori. Suppose that g G G(5') , and write Int((/) for the resulting inner 
automorphism of G. As noted in fM, O.N. 4 ], Int(g) lifts canonically to an au¬ 
tomorphism Int(g)' G Aut(G^). //B = Int( 5 )Bo and T = Int(g)To, then the pair 
(Int((/), Int( 5 )') is a well-aligned homomorphism from (G,Bo,To) to (G,B,T). 


While we focus on quasisplit groups in this article, the lifting of inner automor¬ 
phisms allows one to consider “pure inner forms” of covers over a field. 
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Definition 1.7. Let G = (G',n) be a degree n cover of a quasisplit group G, over 
a field F. Let f G G) be a 1-cocycle. The image Int(^) in Aut(G)) 

defines an inner form G^ of G. These are called the pure inner forms of G. On the 
other hand, we may consider the image Int(^)' in Aut(G')), which by B, 

§7.1, 7.2] defines a central extension G^ of G{ by K 2 . The cover Gj = (Gj,n) of 
Gj will be called a pure inner form of the cover G. 


We have not attempted to go further in the study of inner forms fo r covers . 


but presumably one should study something like strong real forms as in |ABV92 


Definition 1.12], and more general rigid forms as in Kall.ll ]. if one wishes to assemble 
L-packets for covering groups. 

The next example of a well-aligned homomorphism is relevant for the study of 
central characters of genuine representations. 


Example 1.8. Let G be a degree n cover of a quasisplit group G D B D T. Let H 
be the maximal torus in the center ofG, with coeharacter lattice Let C be 

the algebraic torus with cocharacter lattice o-nd i: C —>■ G the resulting 

homomorphism (with central image). Let C denote the pullback of the cover G via 
L. Then i lifts to a well-aligned homomorphism from C to G. 


The final example of a well-aligned homomorphism is relevant for the study of 
twisting genuine representations by one-dimensional representations of G. 


Example 1.9. Let H denote the maximal toral quotient ofG. In other words, H 
is the torus whose character lattice equals Hom(G, G^)- Letp: G —^ H denote the 
canonical homomorphism, and write t: G —^ G x H for the homomorphism Id xp. 
Write G X H for the cover (G^ x H, n). 

The homomorphism l realizes G as the pullback via l of the cover G x H. A 
Borel subgroup and torus in G determines a Borel subgroup and torus in G x H. 
In this way, l lifts to a well-aligned homomorphism of covers from G to G x H. 


2. The dual group 

In this section, fix a degree n cover G of a quasisplit group G over S. Associated 
to G, we define the “dual group,” a local system on Set of affine group schemes over 
Z. We refer to Appendix HI91 for background on such local systems. We begin 
by reviewing the Langlands dual group of G in a framework suggested by Deligne 
(personal communication). 

2.1. The Langlands dual group. Choose, for now, a Borel subgroup B C G 
containing a maximally split maximal torus T. The based root datum of (G, B, T) 
was denoted and the dual root datum, 

= (y,$\A^X,$,A), 

is a local system of root data on S^t- 

This defines a unique (up to unique isomorphism) local system on S'et of 
pinned reductive groups over Z, called the Langlands dual group of G. The center 
of is a local system on S'et of groups of multiplicative type over Z, given by 

2,^ = Spec(Z[y/y'^^]). 


See Example 119.21 for more on local systems and Spec in this context. 
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2.2. The dual group of a cover. Now we adap t the de finition of the dual group 
to covers. The ideas he re are t he same as those of Weil4al |. The ideas for mo difying 
root data originate in |Lus93L §2 .2] in t he simpl y-connecte d case , in |FL10| . Theo¬ 
rem 2.9] for the almost simple case, in |McN 12| . §11] and Reil2 ] in the reductive 
case. This dual group is also compatible with lAda-hOTt and the Hecke algebra 
isomorphisms of Savin SavOdj , and the most recent work of Lysenko |Lvd ] . 

Associated to the cover G of degree n, recall that Q : y —^ Z is the first Brylinski- 
Deligne invariant, and /3 q : y (8 y —>■ n“^Z a symmetric bilinear form, and 

^Q.n = {y G y : l3Q{y,y') G Z for all j/' G y} C y. 

Define = {a; G n“^X : {x,y) G Z for all y G '^Q,n} C n~^X. For each root 
0 G $, define constants n^j, and m^, 

( 2 . 1 ) 


n0 = 


GCD(n,Q(<)>v))’ GCD(n,Q(<)>v))' 

Define modified roots and modified coroots by 




-1, 


Th ese defin e subsets l> = {^ : ^ S $} C Xq_„ and : (j)'^ G C yg,™, as 

in |Weil4al ]. Modifying the simple roots and their coroots, we have subsets A C $ 
and C l>. 


By [Weil4aL Construction 1.3], this defines a local system of based root data dt 
on S^f Write 4''^ for its dual, 

^'' = (yQ.n,l>'^,A'^,Xg.„,$,A). 

Write yg „ for the subgroup of yg,n spanned by the modified coroots 

Define to be the (unique up to unique isomorphism) local system on S^t of 
pinned reductive groups over Z, associated to the local system of based root data 
4''^. Its maximal torus is a local system on S^t of split tori over Z, 

=Spec(Z[yg,„]). 

The center of is a local system on 5'et of groups of multiplicative type over Z, 

Z^ = Spec (z [yg,„/y^%]). 

We call (endowed with its pinning) the dual group of the cover G. 

Proposition 2.1. Suppose that Go is another cover of G of degree n, with first 
Brylinski-Deligne invariant Qq. If Q = Qq modulo n, i.e. Q{y) — Qo{y) G n1 for 
all ?/ G y, then the resulting modified root data are equal: = 4ig . Thus the dual 

groups are equal, = So • 

Proof. One checks directly that /3g = modulo Z, from which it follows that 


yQ,n — ^Qo 


— X| 


Qo,n- 


Similarly, one checks that the constants are equal. 


GCD(n,Qo(<('^)) GCD(n,Q((/)V))- 


The result follows. 


□ 
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The Weyl group of with respect to forms a local system W on Set of finite 
groups, generated (locally on Set) by reflections for every <p G The action of 
W on is given by the formula 

s^{y) = y-{^, y)^'^ = y-{4>. y)4>^ ■ 

This identifies the root reflections with the root reflections s^, and hence identi¬ 
fies the Weyl group W with the Weyl group W of G with respect to T (where both 
are viewed as local systems on Set of finite groups). 

The dual group comes with a distinguished 2-torsion element in its cen¬ 
ter, described here. From the quadratic form Q: y —>■ Z, observe that 2Q{y) = 
ni3Q{y,y) G nh for all y G ^Q,n- Moreover, we have 

Q((^V) ^ ^ n^m^n G nZ, 

for all (j) G Of course, Q{ny) G nL as well, for all y G yg^n- We find a 
homomorphism of local systems of abelian groups on Sst , 

n~^Q- use - 5 Z/Z, y ^ n~^Q{y) mod Z. 

^Q,n + ''^aQ,n 

Applying Spec yields a homomorphism of local systems on Set of diagonalizable 
group schemes over Z, 

tq G Hom(£t2,£j(,]). 

Thus rQ(—1) is a Galois-invariant 2-torsion element in the center of S'^. If n is 
odd, then rQ(— 1 ) = 1 . 

2.3. Well-aligned functoriality. Consider a well-aligned homomorphism t: Gi —?> 
G 2 of covers, each endowed with Borel subgroup and maximally split maximal torus. 
Here we construct a corresponding homomorphism of dual groups. 

These dual groups are constructed, locally on S'eti from root data: 

^2 = (y2,Q2,n,^2 ^ ^2i'^2,Q2,n,^2, ^ 2 ^ ■ 

For the construction of it suffices to work locally on S'eti on a finite etale cover 
over which Gi and G 2 split. Condition (4) of Definition II.31 gives a homomorphism 
yi.Qi,n y 2 ,Q 2 ,nj ^nd its dual homomorphism l* : X 2 _q 2 _„ —!> Xi As l has 
normal image, the coroots from 4))^ map to coroots from $2 • Condition (3) implies 
that the scaled coroots in C yi,Qi,n map to scaled coroots in C y2.,Q2,n- 
Since the Borel subgroups are aligned, the simple scaled coroots in map to 
simple scaled coroots in A^. Dually, the map l* : X 2 ,Q 2 ,n ^Ci.Qi.n sends $2 to 
4>i and A 2 to Ai. 

This allows us to assemble a homomorphism : S 2 SX, (cf. |Bor Zi § 2 . 1 , 
2.5]). On tori, let : T 2 —!> be the homomorphism dual to the map of character 
lattices t: —>■ y 2 ,Q 2 ,n- Using the pinnings on S 2 ^.nd Si, and the map of 
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roots to roots, we obtain a homomorphism from the simply-connected cover S 2 s 
of the derived subgroup, S 2 derj 

'-sc^ S 2 ,SC Si ■ 


Let 


2 ,sc 


be the pullback of ■ The following diagram commutes. 


2 ,sc 




2 ,sc 




-^sr 


The homomorphism tsc descends to the derived subgroup S 2 den since it is trivial 
on the kernel of —>■ 3 * 2 . In this way, we have a pair of homomorphisms of 
groups over Z, 

>^lr--SLer^Sr, ^ C ■ 

These homomorphisms agree on their intersection, giving the desired homomor¬ 
phism : §2 Si • 

Since modified coroots are sent to modified coroots, we find that sends Z 2 to 
21^. The quadratic forms Qi and Q 2 induce two group homomorphisms: 


n-iQi: 


yi,Qi,r< 


iz/z, n-iQ2: 


y2,Q2, 


iZ/Z. 


^ y2^Q2,n ''^y2,Q2,n ^ 

These define two homomorphisms of group schemes over Z, 

TQi '■ £2 tqj : £.2 ^Xh- 

As Q 2 (i(y)) = Qi{y) for all y G l'' o tq^ = tq^. In other words, the homo¬ 
morphism : S 2 Si sends the center to the center, and respects the 2 -torsion 
elements therein, (— 1 )) = rQj(— 1 ). 

Given a pair of well-aligned homomorphisms, 

^ ('■id'i) (‘■ 2 , 1 - 2 )^ 

Grl - > lj2 - > *^31 

their composition is a well-aligned homomrphism ( 13 , l'^) = (t 2 tiG 2 ''i) from Gi to 
G 3 by Proposition II.51 

This gives a commutative diagram of sheaves of abelian groups. 


^ y3,Q3,r. 



yi,Qi,n ^ ^2,Q2, 


We find such a commutative diagram for dual groups, in the opposite direction. 




-^S2^ 


sr. 


Let DGpg denote the category whose objects are local systems on 5'et of group 
schemes over Z, endowed with central morphisms —>■ S (where is viewed as 
the constant local system of group schemes). Morphisms in DGpg are morphisms 
of local systems of group schemes over Z, compatible with the central morphisms 
from 


















L-GROUPS AND PARAMETERS FOR COVERING GROUPS 


15 


Let WACs (Well-Aligned-Covers) denote the category whose objects are triples 
(G,B,T) where G is a cover of a reductive group G over 5”, B is a Borel subgroup 
of G, and T is a maximally split maximal torus of G contained in B. Morphisms 
in WACs well-aligned homomorphisms of covers. 

We have proven the following result. 

Proposition 2.2. The construction of the dual group defines a contravariant func¬ 
tor from WACs to DGpg. 

Theorem 2.3. Let G be a degree n cover of a quasisplit group G over S. The dual 
group is well-defined, up to unique isomorphism, by G alone. 

Proof. The construction of the dual group depends on the choice of Borel and torus 

- V ~ 

B D T. So it suffices to construct a canonical isomorphism of dual groups S —t Sg 
for any pair of choices Bg D Tg and B D T. Such “well-definedness” is discussed 
in more detail in |DL76l. §1.1]. 

By Proposition ! 1. 11 there exists g G G(S') such that lnt( 5 )Tg = T and lnt( 5 )Bg = 
B. This automorphism Int(gr) lifts to an automorphism of G^ and defines a well- 
aligned isomorphism of covers, 


K. 


K. 


^ G' 


G 


Int(g)' 


^ G' 


Int(g) 


G 


Bo Tg 

B T 


As a well-aligned isomorphism of covers, this yields an isomorphism (of local systems 
on Set of reductive groups over Z) 

Int(g)^:§v^gv^ 

If g' G G(S) also satisfies Int(g')Tg = T and Int(g')Bg = B, then g'g~^ G 
N(S')nB(5') = T(S'). Thus (/' = tg for some t G T(S'). Hence Int((ji') = Int(t) Int(( 7 ), 
and so by Proposition 12.21 

Int(5')^=Int(5)Vlnt(t)'^: ^ SgA 

But Int(t)'^ = Id, since Int(t) leaves all relevant data unchanged. Thus Int(g')'^ = 
Int(( 7 )'^. Hence we find a canonical isomorphism ^ So ■ 


2.4. Change of base scheme. Let G be a degree n cover of a quasisplit group 
G D B D T over S, as before. Let 7 : S'o —t S' be a morphism of schemes, with 
So = Spec(Fo) for some field Fq or So = Spec((!lo) for some DVR Oo (with finite 
residue field or containing a field, as usual). Then 7 gives rise to a pullback functor 
7 * from sheaves on S^t to sheaves on So,et ■ Pullback via 7 defines a degree n cover 
Go of a quasisplit group Go D Bo A To over Sg. 

The cocharacter lattice ^g of Tg is a sheaf on So,et- It is naturally isomorphic to 
the pullback 7 *^, with y the cocharacter lattice of T. Write N: 7 *^ —>■ ^g for the 
natural isomorphism. The quadratic form Q: y —>■ Z pulls back to a quadratic form 
7*Q ■ 7*y The compatibility of Brylinski-Deligne invariants with pullbacks 

implies that 7 *Q = N*Qq, with Qq the first Brylinski-Deligne invariant of Gg. 


Remark 2.4. This compatibility follows straightforwardly from 
arises (after a finite etale [/ —>■ S') from the cocycle attached to G G 


13, §3.10]; if T 
X 0 X, then 
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To arises from the pullback of this cocycle, i.e., from an element Co € Xq 0 Xo 
with N*Co = 7 *C. The quadratic form Q is given by Q{y) = C{y, y) and similarly 
Qo{y) = Coiy,y)- Since N*Co = 7 *C, we find that N*Qo = "f*Q. 

In this way, we find that N restricts to an isomorphism from 7 *yQ,n to '^o,Qo,n, 
sending roots and coroots (the sheaves of sets 7 *$, 7 *$^^ on S'o.et) to the corre¬ 
sponding roots and coroots in yo,Qo,n- = 7 *B, simple roots and coroots are 

identified as well. 

By our construction of the dual group, we find that N gives an isomorphism of 
local systems on S'o.et of pinned reductive groups over Z, 

TVV: 7*gv 

2.5. Parabolic subgroups. We keep the degree n cover G of the quasisplit group 
G D B D T over S. Let P C G be a parabolic subgroup defined over S, containing 
B. Suppose that P = MN is a Levi decomposition defined over S, with N the 
unipotent radical of P and M a Levi factor containing T. Let Bm denote the Borel 
subgroup B n M of M. Write M = (M', n) for the cover of M arising from pulling 
back G. 

The first Brylinski-Deligne invariant Q is the same for G as for M, as it depends 
only upon the cover T of their common maximal torus. Write <I>m and for 
the roots and coroots of M; these are subsets of $ and respectively, and by 
agreement of the first Brylinski-Deligne invariant, 

cl>, l>M C 

As Bm = BnM, we have Am C A and AJ(j C A^. We find a pair of local systems 
on S^t of based root data, 

(yQ,n, A'^, Xq_„, $, A^ , (yQ,n, ^M> ^Q.n, ^M, Am) • 

The first root datum defines a local system on S'et of pinned reductive groups 
over Z. The second root datum defines a local system on S^t of pinned reductive 

Levi subgroups of S'^. 

Thus the dual group of M is naturally a Levi subgroup of the dual group S^. 
Moreover, by agreement of the first Brylinski-Deligne invariants, the central 2- 
torsion element of coincides with the central 2 -torsion element rQ(— 1 ) G S^- 

2.6. Weyl action on the dual torus. As before, keep the degree n cover G of 

G. Write T = (T', n) for the resulting cover of a maximally split maximal torus T. 
Assume here that T splits over a cyclic Galois cover of S. Suppose that w G W[S'] 
is an element of the Weyl group, represented by an element w G (here iNl is 

the sheaf on S'et represented by the normalizer of T). 

Then Int(w): G —>■ G defines a well-aligned homomorphism from T to itself. 



As such, Int(w) defines a map of dual groups. 
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As Int(i)^ = Id for all t G T(S'), this homomorphism of dual groups depends only 
on the element w of the Weyl group, not on the chosen representative w. Thus we 
write 

Int(u;)'": ^ 

On the other hand the element w G W[5'] corresp onds to a Galois-invariant 
element of the Weyl group of the dual group. From Bor79l Lemma 6.2], there 
exists an element G S^]^] such that normalizes T and the resulting action of 
n'^ on the character lattice yg,™ of T coincides with the action of w on ^g^n- Such 
an element is unique up to multiplication by elements of T^[5']. Since Int(u;)'^ 
and Int(u^) define the same action on ^g^n, we find that 

Int(r(;)^ = Int(n'^), as elements of Aut(5'^). 

2.7. Specific cases. Here we give many specific cases of covers, associated dual 
groups, and 2-torsion elements in their centers corresponding to Tg(—1). 

2.7.1. Method for simply-connected groups. Let G be a simply-connected semisim¬ 
ple group over 5, with Borel subgroup B containing a maximally split maximal 
torus T over S. Let S'/S be a Galois cover over which T splits. If t is an integer, 
there exists a unique Weyl-invariant quadratic form Qt with value t on all short 
coroots. This Qt is a multiple of the Killing form. 

Gorresponding to Qt, there is a unique, up to unique isomor phism , object 
e CExts(G,K 2 ) with first Bryl inski-Deligne invariant Qt (by B, §7-3(i)] 
when working over a field or Weildbl . §3.3.3] over a DVR). Write /3f for the result¬ 
ing n“^Z-valued bilinear form. Weyl-invariance of Qt implies that 

(2.2) fit{<l}'^,y) = n~^Qt{(l}'^){4>,y), for all (j)G^, and all y G'^. 

(See the proof of Lemma [3. 131 for a derivation.) It follows that, for any y G"'^, 

(2.3) Pti4>^,y) G z if and only if (<(),?/) G n^Z. 

Let Y = y[S'], X = XJS"], and A = AJS"] = {ai,..., a^} a basis of simple roots 
corresponding to B. Since we assume G is simply connected, Y = ®t=iQ;)'Z. 
Write Ui = Uq,.. From (lO) . we find a characterization of Vg^n = yQ,n[S']'. 

(2.4) y G Yg^n if and only if {at, y) G ntZ for all 1 < i < £. 

This, in turn, can be used to tabulate dual groups. We provide tabl es here reference, 
noting that such information can also be found in the examples of [FLll §2.4]. But 
we also include data on the central 2-torsion elements that we ha ve not f ound in the 
literature. Our tabulation was greatly assisted by using SAGE SAGEI ]. especially 
the recently updated package which deftly handles root data. 

The following tables only include split groups, and we write G^ = S'^]*?] for the 
dual group over S (a pinned reductive group scheme over Z). For quasisplit groups, 
one can view the dual group as a pinned reductive group scheme over Z endowed 
with Galois action by pinned automorphisms. 


2.7.2. SL^_|_i. For G = SL^+i, the standard Borel subgroup and maximal torus, 
and system of roots ai,..., a^, the Dynkin diagram is 
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Consider the cover G of degree n arising from the quadratic form satisfying = 

1 for all 0 S d). Then rii = n and ctf = na^ for all 1 < z < ^. Hence 

^Q,n = = naXi + • • • + naXl^. 

The Cartan matrix of has entries Cij = (5^,0:^) = {atja^), and so G ^ is 
isogenous to SIj£_|_]^. To determine the dual group up to isomorphism, it suffices 
to compute the order of the center, since the center of SL^ ,, is The order 

of the center is equal to the index ^TQ^n/Ygfy, and this is computable from (j2.4|l . 
The results are given in Table [TJ 


n 

SL2 

SL3 

Group G 

SL4 

SL5 

SLe 

1 

PGL, 

PGL 3 

PGL. 

PGL 5 

PGLg 

2 

*^2 

PGL 3 

^4/^2 

PGL 5 

*^ 6//£3 

3 

PGL 2 

^3 

PGL. 

PGL 5 

^ 6/^2 

4 

^2 

PGL 3 

*SL 4 

PGL 5 

^ 6/^3 

5 

PGL 2 

PGL 3 

PGL. 

SL 5 

PGLe 

6 

*^2 

^3 

^4/^2 

PGL 5 



Table 1. Table of dual groups for degree n covers of SL^+i. 
Groups marked with * have rQ(—1) nontrivial. 


The dual grou ps G^ a re consistent with the Iwahori-Hecke algebra isomorphisms 
found by Savin in |Sav04 , Theorem 7.8]. In other words, the dual group G'^ coincides 
with the Langlands dual group of SLf_|_i/Z[„], where Z[„] is the n-torsion subgroup 
of the center of SL^+i. 

The central 2-torsion elements rQ(—1) follow a somewhat predictable pattern. 
For covering degree 2, tq(— 1) is nontrivial for SL 2 , SLg, SLio, SL 14 , etc.. In 
covering degree 4, tq(— I) is nontrivial for SL 4 , SL 12 , SL 20 , etc.. In covering 
degree 6 , tq(—I) is nontrivial for SL 2 , SLe, SLio, SL 14 , etc.. In covering degree 
8, tq(—1) is nontrivial for SLg, SL 24 , etc.. In general, we suspect the following: 


rQ(—1) is nontrivial for a degree 2® • /c (fc odd) cover of SLm if and only if 

m = 2® • j for j odd. 


To illustrate the quasisplit case, consider G = SU 3 , a quasisplit special unitary 
group associated to a degree 2 Galois cover S'/S. There is a unique degree n cover 
of G arising from the quadratic form taking values 1 at all coroots. The dual group 
of the degree 2 cover of G = SU 3 is identified with PGL ,. a pinned reductive group 
over Z, endowed with Gal(S"/5')-action by outer automorphism corresponding to 

the nontrivial automorphism of the Dynkin diagram •-•. Thus the dual group 

of the double-cover of SU 3 coincides with the Langlands dual group of the linear 
group SU 3 . 

2.7.3. Spin 2 £_|_ 4 . For G = Spin 2 ^_|_ 4 , the Dynkin diagram has type B. 


ai a 2 0:3 


at-i at. 
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Let G be the cover of degree n, associated to the quadratic form taking the value 1 
at all short coroots. Thus Q{af) = 2 for all long coroots 1 < * < .^ — 1 . If n is odd, 
then ria = n for all coroots . If n is even, then = n/2 for 1 < i < £ — 1 and 
rii = n. When n is even, short coroots become long and long become short, after 
modification. We find that the dual group is isogenous to if n is odd, and is 
isogenous to if n is even. 

The centers of and are cyclic of order two. Thus the dual group 

can be identified by the order of its center. 


n 

Spin, 

Spin„ 

Group G 

Spin,, Spin,, 

Spin,, 

Spin,, 

I 

PGSp^ 

PGSp^ 

PGSp^g 

PGSp^g 

PGSp^^ 

PGSp^g 

2 

SO7 

Sping 

^11 

*Spin^3 

^15 

Spini^ 

3 

PGSp^ 

PGSp^ 

PGSp^g 

PGSp^g 

PGSp^^ 

PGSPie 

4 

*Spin, 

Spin„ 


Spini3 


Spini^ 

5 

PGSp^ 

PGSp^ 

PGSp^g 

PGSp^g 

PGSp^^ 

PGSp^g 

6 

SO, 

Sping 

^11 

*Spin33 

^15 

Spini^ 


Table 2. Table of dual groups for degree n covers of Spin 2 ^_|_i. 
Groups marked with * have rQ(—I) nontrivial. 


Table [5] describes the dual groups. Note that, in this case, the isogeny class of 
the dual group depends on the covering degree modulo 4. In covering degree 4fc + 2, 
we find that tq(— I) is nontrivial for Spingj ^5 (corresponding to rank 4j + 2) for 
all positive integers j. In covering degree 4fc, we find that tq(— I) is nontrivial for 
Spin 4^^3 for all positive integers j. 

2.7.4. Sp 2 £. For G = Sp 2 f, the Dynkin diagram has type C. 

•-•-•- 

Qfl a2 Qf3 

Let G be the cover of degree n, associated to the quadratic form taking the value I 
at all short coroots. As in type B, we find that short coroots become long, and long 
become short, after modification when n is even. We find that the dual group is 
isogenous to Sp^^ if n is even, and is isogenous to if n is odd. As before, 

the dual group can be identified by the order of its center. 


OLi-Y ai 


n 

Spe 

Group G 

Sps Spio 

1 

SO 7 

^9 

^11 

2 



*^10 

3 

SO 7 

^9 

SOn 

4 




5 

S 07 

^9 

SOn 

6 





Table 3. Table of dual groups for degree n covers of Sp 2 ^. Groups 
marked with * have rQ(—I) nontrivial. 
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As Table [3] illustrates, the dual group of the degree n cover of Sp 2 ^ is the simply- 
connected Chevalley group when n is even, and the dual group is the adjoint 
group SO o^ 11 = when n is odd. The central 2-torsion element rQ(—1) 

is nontrivial when the covering degree is 4fc -|- 2 for some non-negative integer k. 
This is consistent (in covering degree 2) with expectations from the classical theta 
correspondence for metaplectic groups. 

2.7.5. Spin 2 ^. For G = Spin 2 £, £ > 4, the Dynkin diagram has type D. 


•-•-•- 

ai 02 Q!3 


Let G be the cover of degree n, associated to the quadratic form taking the value 
1 at all coroots. By the same methods as in type A, we find that the dual group is 
isogenous to Spin^^. 

If i is odd, then the center of Spin^^ is a cyclic group of order 4. In this case, 
the dual group is determined by the order of its center. 

If £ is even, then the center of Spin^^ is isomorphic to x p^, and so the dual 
group is not a priori determined by the order of its center. But fortunately, the 
order of the center of the dual group always equals 1 or 4 when £ is even, and this 
suffices to identify the dual group. 



n 

Spins 

Spinio 

Group G 

Spin42 Spin44 

Spinie 

Spines 

1 

PGOg 

PGOio 

PGOi2 

PGO,. 

PGOis 

PGOis 

2 

Spin^ 

^10 

*Spi“i2 

^14 

Spinig 

^18 

3 

PGOg 

PGOio 

PGOi2 

PGO,. 

PGOis 

PGOis 

4 

Spin^ 


Spini2 

*Spin^4 

Spinig 

*Spin^g 

5 

PGOg 

PGOio 

PGOi2 

PGO,. 

PGOie 

PGOis 

6 

Spirig 

^10 

*Spi“l2 

^14 

Spinig 

^18 


Table 4. Table of dual groups for degree n covers of Spin 2 £- 
Groups marked with * have tq(— 1) nontrivial. 


As Table m illustrates, the dual group of an odd-degree cover of Spin 2 i coincides 
with the Langlands dual group of the linear group Spin 2 £; this dual group is the 
adjoint group PGO og. But the dual group of an even-degree cover of Spin 2 ^ 
depends on the parity of £ and the covering degree modulo 4. As in type A, these 
dual gr oups agree with expectations from the Hecke algebra isomorphisms of Savin 
SavO^ . 

When the covering degree is a multiple of 4, the element rQ(—1) is nontrivial 
for Spin 4 j _|_2 for all j > 2. Since Spin 4 j _|_2 has a unique central element of order 
two, this suffices to describe tq. When the covering degree has the form 4A: -|- 2, the 
element rQ(—1) is nontrivial for Spingj _|_4 for all j > 1. The center of the group 
Spirig^.^^ is isomorphic to fji^ x p^, which has three distinct 2-torsion elements. 
However, only one of these is invariant under the nontrivial outer automorphism 
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of the pinned Chevalley group Sping^._|^^. This one must be tq(—1), since Q is 
invariant under this outer automorphism. 


2.7.6. Exceptional groups. Let G be a simply-connected split simple group of type 
(with ^ = 6,7,8), F 4 , or G 2 . Let G be the cover of degree n, associated to 
the quadratic form taking the value 1 at all short coroots (all coroots in type 
E). As in types A and D, we find that the dual group is semisimple and isoge¬ 
nous to the Chevalley group of the same type as G. In types Eg, F 4 , and G 2 , 
the simply-connected group is centerless, and so G ^ coincides with the simply- 
connected Chevalley group of the same type. 

The center of Eg has order 3, and the center of Ey has order 2. Hence the dual 
group G ^ is determined by the order of its center. The dual groups are lis ted in 
Tabled In type E, these dual groups agree with expectations from Sav04| . The 




Group G 



n 

Ee 

E7 

Eg 

F4 

G2 

1 

Eg/Mg 

Ey/p^ 

Eg 

£4 

G2 

2 

Eg/Mg 

*£7 

Eg 

F4 

£2 

3 

Eg 

Ey/P2 

Eg 

F4 

£2 

4 

Eg/Pg 

Ey 

Eg 

£4 

G2 

5 

Eg/Pg 

£7/ M2 

Eg 

£4 

G2 

6 

Eg 

*£7 

Eg 

£4 

G2 


Table 5. Table of dual groups for degree n covers of exceptional 
groups. Groups marked with * have tq(—1) nontrivial. 


central 2-torsion element is nontrivial for Ey, when the covering degree equals 4j-|-2 
for some j > 0. 

2.7.7. GL^. Suppose that G is split reductive, and the derived subgroup of G is 
simply-connected. Let T be a split maximal torus in G with cocharacter lattice 
Y. Then, for any Weyl-invariant quadratic form Q: F —>■ Z, there exists a cover G 
with first Brylinski-Deligne invariant Q. 

For example, when G = GL^., there is a two-parameter family of such Weyl- 
invariant quadratic forms. Write T for the standard maximal torus of diagonal 
matrices, and identify F = Z'’ in the usual way. For any pair of integers < 7 , c, there 
exists a unique Weyl-invariant quadratic form Qq^c satisfying 

(5(1, -1, 0,..., 0) = q and Q{1, 0,..., 0) = 1 -I- c. 

The n-fold covers Gl[. ^ studied by Kazhdan and Patterson |kp84 § 0 . 1 ] can be 
constructed from Brylinski-Deligne extensions with first invariant (5i,c- The proof 
of following result is left to the reader. 

Proposition 2.5. Let G be a degree n cover of G = GL^ with first Brylinski- 
Deligne invariant QI^c- //GGD(n, l-|-r-|-2rc) = 1, then G^ is isomorphic to GL „. 
J/GCD(n,r) = 1, then the derived subgroup of G^ is isomorphic to SL „ and thus 
there exists an isogeny G ^ —>■ GE^. 

This may place the work of Kazhdan and Flicker 


FK 86 l | in a functorial context. 
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2.7.8. GSp2^. For G = GSp 2 r, and a standard choice of split maximal torus and 
Borel subgroup, we write eo,..., for a basis of F, /o,..., /r for the dual basis of 
X, and the simple roots and coroots are 

^1 ~ fl f 2 : • ■ ■ : 1 — fr —1 /r j CIr — /oi 

0^1 — Cr ^2 ; • • ■ ; _1 — — 1 ^r: OC^ — C,.. 

The Weyl group is Sr ^ with Sr acting by permutation of indices 1 ,..., r (fixing 
eo and /o), and elements Wj (for 1 < j < r) of order two which satisfy 

= Wj(ei) = for i j,0, Wj{eo) = eo + ei. 

Weyl-invariant quadratic forms on Y are in bijection with pairs (k, v) of integers. 
For any such pair, there is a unique Weyl-invariant quadratic form Qk,i> satisfying 

QK,u{eo) = K, QK,u{ei) = ly ioi 1 < i < r. 

The proof of following result is left to the reader. 

Proposition 2.6. Let G be a degree 2 cover of G = GSp 2 ,,, with first Brylinski- 
Deligne invariant Qo,i- Then the dual group G^ is isomorphic to GSp^^ if r is 
odd, and to PGSp^^ x G„ if r is even. 

We find that that double-covers of GSp 2 ,. behave differently depen ding on the 
parity of r; this phenomenon is consistent with the work of Szpruch )SzDl3hll on 
principal series. 


3. The gerbe associated to a cover 

In this section, we construct a gerbe Ee(G) on S^t associated to a degree n cover 
G of a quasisplit group G and an injective character e: /i„ ^ C^. Fix G, G, and 
e throughout. Also, choose a Borel subgroup containing a maximally split maximal 
torus B D T; we will see that our construction is independent of this choice (in a 
2-categorical sense). 

We make one assumption about our cover G, which enables our construction 
and is essentially nonrestrictive. 

Assumption 3.1 (Odd n implies even Q). If n is odd, then we assume Q: y —>■ Z 
takes only even values. 

If G does not satisfy this assumption, i.e., n is odd and Q{y) is odd for some 
2/ S y , then replace G by (n-I-1) x G (its Baer sum with itself n + 1 times). The first 
Brylinski-Deligne invariant becomes {n-\-l)Q, which is even-valued. By Proposition 
nn the dual group does not change since Q = {n + 1)Q modulo n. Moreover, 
the resulting extensions of groups over local or global fields, e.g., Hn ^ G ^ G, 
remain the same (up to natural isomorphism). Indeed, the Baer sum of G with 
itself n -I- 1 times is naturally isomorphic to the pushout via the (n -|- 1)*** power 
map pin —>■ pin, which equals the identity map. 

We work with sheaves of abelian groups on S'et, and great care is required to avoid 
confusion between those in the left column and the right column below. Define 

T = Jfom(yQ,„,g^), T'" = Jfom(yQ,„,C^); 

= :Kom(y^^,„, g^), T); = 5fom(y^^_„,CX); 
z = Mom(yQ,„/y^Q^_„, g^), = 5fom(yQ,„/y^%,c"). 






L-GROUPS AND PARAMETERS FOR COVERING GROUPS 


23 


Here denotes the constant sheaf on Set- Thus, in the right column, we find the 
complex points of the dual groups, 

T^=T^(C), = Z'^ = Z'^iC). 

Composing with e defines homomorphisms of local systems of abelian groups. 


T 


T[n] = ; 

\ ^ rr^' 

l-^n) J . 


= IKc 


■V . 

SC 5 




^[n] ^^^(^Q,n/yQ,n5 

3.1. The gerbe associated to a cover of a torus. Associated to the cover 
T = (T', n), the second Brylinski-Deligne invariant is a central extension of sheaves 
of groups on S'et, 

Sm ^ B —»y. 

The commutator of this extension is given in |B-D . Proposition 3.11], 

(3.1) Comm(?/i,?/2) = for all j/1,1/2 £ V- 

Pulling back via ^ y, we find an extension of sheaves of groups, 

(3.2) Sm ^ yQ,ra- 

Proposition 3.2. Bq,^ o- commutative extension. 

Proof. If n is even and yi,y 2 G yg.n, then j3Q{yi,y2) G Z and n/3g(?/i, 1/2) G 2Z. 
On the other hand, if n is odd. Assumption 13.11 implies that 

npQ{vi,y 2 ) = Q{yi + 2/2) - Q{yi) - <3(2/2 ) g 2 Z. 

The commutator formula (13.1|) finishes the proof. □ 

Let §p2(Bg_„) denote the sheaf of splittings of the commutative extension (13.21) . 
In other words, §p/(Bg^„) is the subsheaf of IHom(yg_„, Bg_„) consisting of homo¬ 
morphisms which split (|3.2I) . 

Over any finite etale U ^ S splitting T, yg,„ restricts to a constant sheaf of free 
abelian groups. Thus SpZ(Bg_„) is a T-torsor on S^t, which obtains a point over 
any such U. The equivalence class of this torsor is determined by its cohomology 
class [Spl(Bg_„)] e Hl^{S,7). 

Consider the Kummer sequence, ‘J[n] T —» T. Write xr (for Kummer) for 
the connecting map in cohomology, x: iL?^(S', T) —>■ iL|j(S', T[„]). This map in 
cohomology corresponds to the functor which sends a T-torsor to its gerbe of n*** 
roots ('see 119.3.^1 for details). We write l/Spl(Bg_„) for the gerbe of roots of 
the T-torsor §p2(Bg_„). It is banded by the local system Tj^j and its equivalence 


class satisfies 


= x:[§p/(Bg,„)]. 


l§pl{T)Q^r. 

Finally we push out via the homomorphism of local systems, 

e: T[„] = yCom{^Q^n,IJ-n) -t Tfom(yg,„,C^) = T'^. 
Definition 3.3. The gerbe associated to the cover T is defined by 


E,(T) :=e,iy§pl(Bg,„). 

It is a gerbe on Set banded by the local system of abelian groups T'^. 
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Example 3.4. Suppose that T is a split torus. Then the exact sequence of sheaves 
Sm ^ yQ,n spUts. Indeed, yQ,n is a constant sheaf of free abelian groups, 

and Hilbert’s Theorem 90 gives a short exact sequence 

(3.3) Sm[5]^yQ.„[5]. 

Since '^Q^n[S] is a free abelian group, this exact sequence splits, and any such split¬ 
ting defines an S-point of the torsor §pl{T)Q n). An S-point of $pl{T>Q n), in turn, 
neutralizes of the gerbe yWpUfDQ^. 

Thus when T is a split torus, the gerbe E(:(T) is trivial. Any splitting of the 
sequence (ESI) defines a neutralization of E,^{T). 

3.2. The gerbe of liftings. Recall that ^ denotes the subgroup of „ spanned 

by the modified coroots and Tgc = TComl^Q 9m). The inclusion ^Q,n 

corresponds to a surjective homomorphism, 

p: T—>■ Tgc. 

The extension Sm ^ ^ ^Q,n pulls back via ^ ^Q,n to an extension, 

Sm ^ ^Q,n- 

A splitting of Rq,™ pulls back to a splitting of ®g providing a map of torsors, 

p*:SpZ(2)Q.„)^§p/(2)^g%), 

lying over p: T —>■ Tgc. Taking n**' roots of torsors gives a functor of gerbes, 

lying over p: T[„] —>• Tsc,[n] (see Appendix 119. 3. 411 . 

Recall that = J{om(yQ,„,C^) and C^). Define Ef (f) := 

e* ^§p;('Dg_„) by analogy to Ee(T) = e* l/§pZ(I)Q,„). Pushing out via e, the 
functor yields a functor of gerbes 

p = E,(f)^Ef(f), 

lying over the homomorphism p: —>■ . 

In the next section, we define the Whittaker torsor, which gives an object w 
neutralizing the gerbe E®‘^(T). We take this construction of w for granted at the 
moment. 


Definition 3.5. Define Ee(G) to be the gerbe p^^(m) of liftings of w via p (see 
119.3.31) . In other words, E(;(G) is the category of pairs (e,j) where e is an object 
of Ee(T) and j: p(e) — >■ m is an isomorphism in Eg'^(T). This is a gerbe on S^t 
banded by = Ker(T^ A T)),). 


The cohomology classes of our gerbes now fit into a sequence 


E.(G)] ^ 
Hl(S,Z'^) 


[e.(t)J h 

^Hl(S,7'') 


Ef (T) 
m 


= 0 


^HUS,7fJ 
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Remark 3.6. The construction of this gerbe relies on the (soon-to-be-defined) Whit¬ 
taker torsor in a crucial way. We view this as a good thing, since any putative 
Langlands correspondence should also connec t the ex istence of Whittaker models 
to properties of the Langlands parameter (cf. |Vog93| L 

3.3. The Whittaker torsor. Now we construct the object w neutralizing the 
gerbe E®'^(T) over S. Let U denote the unipotent radical of the Borel subgroup 
B (Z G, and let IX be the sheaf of groups on »S*et that it represents. Let G^ denote the 
additive group scheme over S, and 5a the sheaf of groups on Set that it represents. 
Recall that A C d* denotes the subset of simple roots corresponding to the Borel 
subgroup B. 

For S' ^ S finite etale and splitting T, and a G A[5"], write Uq, for the one¬ 
dimensional root subgroup of Us' associated to (j). Let Ua be the associated sheaf of 
abelian groups on S'^^. Write SCom*{Ua, 5a) for the sheaf (on 51,.) of isomorphisms 
from IXq, to 5a,S'- The sheaf Kom*(Ua, 5a) naturally forms a S^-torsor on by 
the formula 

[h * ^](u) = h~^ ■ ^(u) for all h G 5m, ^ G Jfom*(Ua, Sa). 

Definition 3.7. The Whittaker torsor is the subsheaf Whit C J-Com(U, 5a) con¬ 
sisting of those homomorphisms which (locally on Sst) restrict to an isomorphism 
on every simple root subgroup. The sheaf Whit is given the structure of a Tgc-torsor 
as follows: for a Galois cover S' ^ S splitting T, we have 

Tsc[5'] = :Kom(TQ^n, Sm)[5'] = Rom I 0 5m ) [5'] = J] 

\aeA[S'] / aGA[S'] 

Similarly, we can decompose the Whittaker sheaf 

Whtt[S']= 0 :Kom*(Ua,5a)[S']. 

aGA[S'] 

The Sm-torsor structure on Rom* (IXq,, 5a) yields (simple root by simple root) a Tgc- 
torsor structure on Whit. Although we have defined the torsor structure locally on 
S^t, the action descends since the Gal(5''/S')-actions are compatible throughout. 

The third Brylinski-Deligne invariant of G is a homomorphism /: T)q —>■ 2) of 
groups on 



Here Dq is a sheaf on S'et which depends (up to unique isomorphism) only on 
the Wey l- and Galois-invariant quadrati c form Q: —>■ Z. This is reviewed in 

WeildbL §1.3, 3.3], and characterized in B-DI . §11] when working over a field. 

Gonsider a Galois cover S' ^ S splitting T as before. For any ry G Whit[S'], and 
any simple root a G A[5 "]. th ere exists a unique element eri,a G IXqJS"] such that 
vi^v.a) ~ From these, M, §11 .2] gives elements [e,,_Q] £ ®q[-S"] lying over the 
simple coroots G y®‘^[S"]. 
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Remark 3.8. When S = Spec(F) this follows directly from §11.2]. When 

S = Spec((!l), S' = Spec(C>'), rj G Whit[S'], and F' is the fraction field of O', we 
find elements G 'Uq]^"']; as 77 gives an isomorphism from Ua to Sa (as sh eaves 


of groups on O'^^), it follows that € Ua[0'] as well. The map e 1—>■ [e] of B-DI . 
§11.1] similarly makes sense over O' as well as it does over a field; since we assume 
G is a reductive group over O, s plit o ver O', every root SL 2 over F' arises from 
one over O'. Thus the results of |B-DI . §11.2] apply in the setting of S' = Spec((!l) 
as well as in the setting of a field. 

Using the elements [e^_a] G T)q\S'] lying over the simple coroots , define 
uj{r]){a'^) := r„/([e^,„])"“ G I)^_„(S'], lying over G yQ,„[S'], 

where the sign is defined by 


:=(-!)- 


The map 07(77): a'^ r„/([e^,Q])’' 


extends uniquely to a splitting of the sequence 

Ul{7j) 


(3.4) 


9m[S'] ‘^ 2)«q%[S'] -^ y^Q%[S']. 


As (yQ^„)s' is a constant sheaf, this gives an ele ment 07(77) G SplCDg ^)(S']. Allow¬ 
ing ?7 to vary, and appyling Galois descent (cf. B, Proposition 11.7]), we find a 
map of sheaves on S^t, 

07: W/iit ^§77l(2)"^_„). 

To summarize, 07 is the map that sends a nondegenerate character 77 of U to the 
splitting 07(77), which (locally on ^'^t) sends each modified simple coroot a'^ to the 
element rQ,/((e^,a])"“ of I>Q,n- 

Remark 3.9. For the purposes of this paper, there is some flexibility in the choice 
of signs Ta- The signs here are defined in such a way that our hypotheisized local 
Langlands correspondence for covers matches what is known for covers of SL2, e.g., 
metaplectic correspondences of Shimura and Waldspurger. 

Both Whit and §pI{'Dq ^) are Tgc-torsors, and the following proposition describes 
how 07 interacts with the torsor structure. 

Proposition 3.10. Let v. Tgc —t Tgc be the homomorphism corresponding to the 
unique homomorphism y g ^ —>■ which sends to —naQ{a^)a^ for all simple 

roots a. Then lo lies over u, i.e., the following diagram commutes. 


-A Whit 


X Whit 


T.C X §pl(D^Q%) §P/(B^%) 

Proof. We must trace through the action of Tsc = ^077i(yg Sm); we work over 
a finite etale cover of S over which T splits in what follows. Then, for any simple 
root a G A, and any element h G 9m, there exists a unique element h^ G Tgc such 
that for all /I G A, 


ho.0^) = 


1 if /3 7^ a; 
h if /3 = a. 
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If 77 € Whit then [ha * r]]{^h^*ri,a) = 1 and so r](eh^*ri,a) = h. Therefore, 

_ j ^ri,0 if ^ ^ ^3 

ha*v,P yh*eri^a ii f3 = a. 

li P ^ a, then uj{ha * = ’'/ 3 /([e/i„*r,,/ 3 ])”'^ = = uj{'q){P'^). On 

the other hand, in the case /3 = a we compute using |B-D| . Equation (11.2.1)], 

uj{ha * = rafi[eho,*ri,a]T°‘ = Taf {[h * 

= Taf • [e^,a]) 

This computation demonstrates that the diagram commutes as desired. □ 

Now let fi: Tsc -» Tsc be the homomorphism corresponding to the unique homo¬ 
morphism ^ ^Q,n which sends a'^ to —m.aa'^ for all a G A. As Q{a^)na = 

rria ■ n, we find that u = n o p, where n denotes the n*^-power map. 

Let fj,fWhit denote the pushout of the Tgc-torsor Whit, via /i. Since u fac¬ 
tors through fi, we find that w: Whit —>■ §pI{Dq factors uniquely through 
ui: piPWhit —^ §pI{Dq ^), making the following diagram commute. 


-A jjLjWhit 


Tsc X {piPWhit) 


T,c X §p/(D^Q%) 


The pair {p,pV<Jhit,u}) is therefore an object of the category i;J$pl{'D^Q it 

neutralizes the gerbe i;^§pI{Dq ^). In particular, 

'SpK»q%)| =0. 


Write w = {fi^,Whit, ui) for this object. Pushing out via e, we view w as an S'-object 
of E®‘^(T). This completes the construction of the gerbe Ee(G) = p^^(w) associated 
to the cover G and character e. 


Example 3.11. Suppose that yg^n/yg „ *s torsion-free and a constant sheaf (equiv¬ 
alently, the center of is connected and constant as a sheaf on S^t)- Then the 
following short exact sequence splits: 


Given such a splitting, write yg’jf 
the splitting. The identification 


,n -» yg.n/yg,Tf 

c yg,„ for the image of yg.n/yg,„, via 
— ^g n ® ^g ra* corresponds to an isomor¬ 


phism “J —> Tsc X Z. Let ‘Dq’^ be the pullback of to From Example 

\3.4\ the short exact sequence 9m ^ ®g'(^ ^ ^g n* splits, providing an object of 



Chasing diagrams gives a map of object sets. 
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A splitting ofDg^ gives an object of ^§pZ(!Dq'JJ^)[ 5 '] and w provides an object of 

^SpKfDg „)[ 5 ']. Hence the gerbe Ee(G) is neutral when ^Q,n/WQ n ** torsion-free 
and a constant sheaf 

3.4. Well-aligned functoriality. Consider a well-aligned homomorphism t: Gi — 
G 2 of covers, each endowed with Borel subgroup and maximally split maximal torus, 
i.e., a morphism in the category WACg. Fix e as before. We have constructed gerbes 
E£(Gi) and E£(G 2 ) associated to Gi and G 2 , banded by and Z 2 , respectively. 
We have constructed a homomorphism of dual groups : S 2 Si in Section 
12.31 which (after taking C-points) restricts to : Zf ^ Zf. Here we construct a 
functor of gerbes i: Ee(G 2 ) —>■ Ee(Gi), lying over : Zf ^ Zf. 

Well-alignedness give a commutative diagram in which the first row is the pull¬ 
back of the second. 



This gives a commutative diagram for the second Brylinski-Deligne invariants. After 
pulling back to yi,Qi,n and 'j 2 ,Q 2 ,n, we get a commutative diagram of sheaves of 
abelian groups on Set, in which the top row is the pullback of the bottom. 


= d t 

Sm ^ ^ ^ ^2,Q2,n 


(Assumption IXT] is in effect, so Qi and Q 2 are even-valued if n is odd.) 
We have homomorphisms of sheaves of abelian groups. 


I'- —>■ y2,Q2,n, ^T.Qi,n '^T,Q2,n^ 


yi,Qi,n ^ '^2,Q 




l,Qi,n 


2,Q2,n 


Applying Kom(», 9m) yields homomorphisms of sheaves of abelian groups, 
t: T2 —^ Ti, Tsc, 2 '^sc,i, Z2 —>■ Zi. 

A splitting of D 2 ,Q 2 ,n pulls back to a splitting of (call this pullback map 

t*), giving a commutative diagram of sheaves on S^t- 


72 X §pl{'D2,Q2,n) ^—> §P^(®2,Q2,ra) 

t X L* I* 

Tl X Spl^Hi^Q^^n) ^—> Sp^(T>l,Qi,ra) 

This defines a functor of gerbes 

^SpK'^2,Q2,n) —>■ §pZ(Di^Qj,„), 

lying over t: T 2 [„] —>■ Ti j„]. Pushing out via e yields a functor of gerbes, 

i: E,(T2) ^ E,(fi). 
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The same process applies to i\ —>■ '^^ 2 ,Q 2 ,n^ giving a functor of gerbes, 

jsc; E®‘^(Ti). By pulling back in stages, we find a square of gerbes 

and functors, and a natural isomorphism S: o i ^ o p 2 making the diagram 

2 -commute. 

E,(T 2 ) —^ E,(Ti) 

P2 Pi 

Ef(f 2 ) Ef(Ti) 

If Ui and U 2 are the unipotent radicals of Bi and B 2 , respectively, then pulling 
back gives a map i* : 'Whit 2 —?> Whiti. Condition (1) of well-alignedness states that 
Ker(i) is contained in the center of Gi, and so simple root subgroups in Ui map 
isomorphically to simple root subgroups in U 2 . Compatibility of quadratic forms 
Qi and Q 2 implies compatibility in the constants Ua, rria, and for simple roots, 
and so we find a commutative diagram 

(/i 2 )*W/l*t 2 J 

L* L* 

Write Wi for the object of Eg'^(Ti), and similarly W 2 for the 

object ((/i 2 )*W/izt 2 , W 2 ) of Eg'^(T 2 ). The commutative diagram above gives an iso¬ 
morphism /: i®'^(tU 2 ) ^ wi in E®'^(Ti). 

If (e, j) is an object of Ee(G 2 ) = P 2 ^(m 2 ), i.e., e is an object of Ee(T 2 ) and 
j: P 2 (e) —>■ W 2 is an isomorphism, then we find a sequence of isomorphisms, 

i(j):Pi(i(e))^r(P2(e))4r(m2)4u,i. 

In this way (i(e),i(j)) becomes an object of Ee(Gi) = pj'^(i(;i). This extends to a 
functor of gerbes, i: Ee(G 2 ) Eg(Gi), lying over : £3 —>■ ■ 

Given a pair of well-aligned homomorphisms, 

G "* ^1. ^2 ^ 

1 —>■ —> '^ 2 , 

with I 3 = I 2 ^ ^ 1 -, we find three functors of gerbes. 

h 

E,(G3) E,(G 2 ) E,(Gi). 

lying over three homomorphisms of sheaves. 



The functoriality of pullbacks, pushouts, taking n*** roots of torsors, etc., yields 
a natural isomorphism of functors: 

(3.5) iV(ti,t 2 ): is ^ ii o i 2 . 

We can summarize these results using the language of “weak functors” (Stacks . 
Tag 003G]. We have given all the data for such a weak functor, and a reader who 
wishes to check commutativity of a few diagrams may verify the following. 
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Proposition 3.12. The construction of the associated gerbe defines a weak functor 
from WAC 5 (the category of triples (G,B,T) and well-aligned homomorphisms), 
to the 2-category of gerbes on Set, functors of gerbes, and natural isomorphisms 
thereof. 

3.5. Well-definedness. The construction of the associated gerbe Ee(G) depended 
on the choice of Borel subgroup B and maximally split maximal torus T. Now we 
demonstrate that Ee(G) is well-defined independently of these choices, in a suitable 
2-categorical sense. 

Consider another choice Bq D Tq. Our constructions, with these two choices of 
tori and Borel subgroups, yield two dual groups Sg and and two gerbes Ee(G) 
and Eo,e(G). 

Let ^0 and y be the cocharacter lattices of Tg and T, respectively, and $q , 
the coroots therein. The Borel subgroups provide systems of simple coroots Ag and 
A^, respectively (sheaves of sets on Similarly we have character lattices Xg, X, 
roots $ 0 , $, and simple roots Ag, A. The cover G yields quadratic forms Q; y — ?> Z 
and Qo: ^0 Z. The second Brylinski-Deligne invariant gives extensions Sm ^ 
T> —» y and 9m ^ ^o- 

By ProDOsition ll.il there exists g G G{S) such that Int(( 7 )To = T and Int(( 7 )Bg = 
B. This automorphism Int( 5 ) lifts to an automorphism of G'. This defines a well- 
aligned isomorphism of covers. 



This well-aligned isomorphism of covers yields an equivalence of gerbes, 

lnt( 5 ): E,(G)-A Eg,,(G), 
lying over Int(g)^ : —>■ Zg . 

Suppose that g' G G{S) also satisfies Int((/')Tg = T and Int(g')Bg = B. As in 
the proof of Theorem l2.31 g' = tg for a unique t G T(S') and Int(g') = Int(<) Int((/). 
This gives a natural isomorphism of functors, 

N{g',g): lnt( 5 ') ^ lnt( 5 ) o Int(t) 

Our upcoming Proposition 13.151 will provide a natural isomorphism Int(t) => Id. 
Assuming this for the moment, we find a natural isomorphism lnt(( 7 ') lnt((/). 

This demonstrates that the gerbe Eg(G) is well-defined in the following 2-categorical 
sense: 

(1) for each pair i = (B, T) consisting of a Borel subgroup of G and a maxi¬ 
mally split maximal torus therein, we have constructed a gerbe E*(G); 

(2) for each pair i = (B, T), j = (Bg, Tg), we have constructed a family P{i,j) 
of gerbe equivalences lnt((;): E*(G) —Ej(G), indexed by those g which 
conjugate i to j; 

(3) for any two elements g,g' which conjugate i to j, there is a distinguished 
natural isomorphism of gerbe equivalences from Int(g') to Int(g). 

Once we define the natural isomorphism Int(t) ^ Id, we will have defined Ee(G) 
uniquely up to equivalence, the equivalences being defined uniquely up to unique 
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natural isomorphism (we learned this notion of well-definedness from reading vari¬ 
ous works of James Milne). Defining the natural isomorphism requires some com¬ 
putation and is the subject of the section below. 


3.5.1. The isomorphism Int(t) ^ Id. For what follows, define Jg: ^ n to be 
the unique homomorphism satisfying 

(3.6) {SQ{yi),y 2 ) = PQ{yi,y 2 ) for all yi,y 2 G y. 

The constants m^j, and arise in the following useful result. 

Lemma 3.13. For all (p G we have 6Q{n^(j)y) = SQ{(j>'^) = m^cp. 


Proof. For s\\ p G and all ?/ G y, we have 

(3.7) {SQ{p'^),y) = f3Q{n^p'^,y). 

Weyl-invariance of the quadratic form (applying the root reflection for p) implies 

PqiP'^,y) = Pq{-P'^, y- {P, y)P'^) = -PgiP'^^y) + PqiP'^,p'^){p,y). 

Adding Pq^P'^ , y) to both sides and dividing by two, we find that 

PqiP'^ ,y) = n~'^Q{p'^){p,y). 

Substituting into (13.71) yields 

{^q{^'^),y) = n,j,Pq{p'^,y) = {n^n~^Q{p'^) ■ p,y). 

Since this holds for all ?/ G y, we have 

^qi^'^) = n^n~^Q{p'^) ■ p = m^f,- p. 

□ 

Consider the homomorphisms of sheaves of abelian groups on S^t, 


obtained by applying lKom{», Sm) to the homomorphisms 

yq.n ^ yQ,n ^ 

An object of Ej(G) is a triple (XC, h,j) where 

• Jf $pl{T)Q^ri) is an root of the T-torsor $pl{1)Q^n)- 

• j: p^:‘K —>• y^tWhit is an isomorphism in the gerbe E®'^(T) = e* ^^SplppQ j.^). 
Thus j = A jo where jo '■ p*lK —>■ y.^Whit is an isomorphism in the 
gerbe ^§pl(2)g „) and G T^^.. See 119.3.^ for a general description of 
morphisms in gerbes obtained by pushing out. 

Given IH \ §pl(T)Q^n) and i G 7, write i o h: TC —^ §>pl{T)Q^n) for the map 
obtained by composing h with the automorphism t of the T-torsor §>pl(fDQ^n). 

Similarly, given j = r'^Ajo, with ^ G T^^., and given igc G 7sc, 

write tsc o j for A (tsc o Jo)- Here tsc o Jo • P*7C — >■ y.^Whit is the map obtained 
by composing j with the automorphism tsc of the Tgc-torsor y^Whit. Similarly, 
write J o tsc for A (jo o tsc)- Since jo is an isomorphism of Tgc-torsors, we have 
j O tsc — tsc ® j ■ 

The following result describes the functor Int(t) explicitly. 
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Lemma 3.14. For all t G T(S'), the equivalence of gerbes Int(t): Ee(G) —>■ Ee(G) 
sends an object {'K,h,j) to the object (J-C, SQ(t)~'^ o h,p(SQ(t}}~^ oj). 

Proof. We work locally on ^et throughout t he pro of. The action Int(t) of t on the 
extension 9m ^Q,n is given by |B-D| . Equation 11.11.1], which states 

(in different notation) that 

Int(<)d = d ■ 5Q{y){t)~'^ =d-y ((5Q(t)"”) , 

for all d G lying over y G VQ^n- We find that Int(t) is the automorphism of the 
extension T>Q,n determined by the element SQ{t)~'^ G 7 = 7Com{''jQ^n, 9m)- Hence 
the functor Int(t): E£(T) —>• Ee(T) sends {7C,h) to (TC, ^Q(t)“" o h). It remains to 
see how Int(t) affects the third term in a triple (df, h,j). 

Conjugation by t gives a map of torsors Whit —?> Whit. Let jg be the map which 
makes the following triangle commute: 


yfWhit 
pfWhit 

We have lnt(t)(J{, h, A jo) = (Jf, 6Q{t)~^ o h,T^ A jg) and must describe jg. 

Take an element rj = {r]a : a G A) G Whit (decomposed with respect to the basis 
of simple roots A). Conjugation by t yields a new element lnt{t)r] satisfying 

Int(t)? 7 (u) = r]{t~^ut), for all u G 11. 

Decomposing along the simple root subgroups, 

Int(t)ry = {a{t) * r]a : a G A) G Whit, 

where [a * f?a](e) = ria{a~^e) for any a G 9m- 

Comparing to the action of Tgc on Whit, we find that 

Int(t)7? = 9{t) * rj, 

where 0: T —>■ Tgc denotes the homomorphism dual to the homomorphism of char¬ 
acter lattices sending G „ to a £ X. 

In the quotient Tsc-torsor iJ.^,Whit, the action is given by Int(<)rj = y,{9{t)) ■ fj, 
for all fj G yifWhit. More explicitly, y o 9: 7sc —>■ T is the homomorphism dual 
to the map of character lattices sending to —iTiaCt. By Lemma 13.131 we have 
y{9{t)) = p{dQ{t))~^ (recall that p corresponds to the inclusion ^ ^Q.n)- It 
follows that jg = Int(t) o jg = p(6Q{t))~^ o jg. This yields the result: 

\nt{t){lK,h,j) = {l{,6Q{t)~^ o h,p{SQ{t))~^ o j). 

□ 

Proposition 3.15. Let {7C,h,j) be an object of the category Ee(G). Then, for all 
t G T(5'), the morphism 5Q{t)~^: 7C —>■ 7C defines an isomorphism from lnt(t)(3-C, h,j) 
to {‘K,h,j). As objects vary, this defines a natural isomorphism A(t): Int(t) Id 
of functors from E(:(G) to itself. For a pair of elements ti,t 2 G T(5'), we have a 
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commutative diagram of functors and natural isomorphisms. 


Int(tit2) 


A(iii2) 


Int(ii) o Int(i2) 

A(ti) o A(t2) 


Id 


Id 


Proof. As !H §pl(T>Q^n) is an root of the torsor SpZ('Dq_„), we have dqft) "o 
h = ho SQ{t)~^. As j = A Joj with Jq an isomorphism of Tgc-torsors, we have 
PiSQ{t)-^)oj =j oplSgit)-^). 

Hence the isomorphism SQ{t)~^: IK ^ IK defines an isomorphism 


\nt{t){:K,h,j) = {'K,SQ{t) ^oh,p{5Q{t) ^)oj) 
= {‘K,ho5Q{t)~^,jop{5Q{t)-^)) 


SQit)-^ 


> {:K,h,j). 


As their definition depends only on t, these isomorphisms SQ(t)~^ form a natural 
isomorphism A(t): lnt(<) ^ Id. As 6Q{tit2)~^ = 5Q{ti)~^6Q{t2)~^, we find an 
equality of functors Int(tit2) = Int(ti) o Int(t2), and the commutative diagram of 
the proposition. □ 


3 . 6 . Change of base scheme. Let G be a degree n cover of a quasisplit group 
G D B D T over S, as before. Let 7: 5 'o —t .S' be a morphism of schemes as in 
Section 12.41 Then 7 gives rise to a pullback functor 7* from sheaves on S^t to 
sheaves on S'o.etj and from gerbes on S^t to gerbes on 5 'o,et- 

Assuming that and fj,^{So) are cyclic groups of order n, we may identify 

these groups via 7: /x (S') —>■ /x (Sq), and a character e: fin ^ corresponds to 
a character cq: /x^(So) ^ C^. 

Pullback via 7 defines a degree n cover Gq of a quasisplit group Go D Bo D To 
over Sq. We have constructed gerbes Ee(G) and Eej,(Go) associated to this data, 
banded by and Zq , respectively. We also consider the pullback gerbe 7*Ee(G), 
banded by 7*Z'^, and recall from Section [ 3 ^ that there is a natural isomorphism 

7*£v ^ 

Similarly, we find isomorphisms of sheaves on So,et) 

(1) To (from N: ^ yo.Qo.n); 

( 2 ) ^ 

( 3 ) N: 7*I)q_„ ^ ‘^o,Qo,n (the construction of the second Brylinski-Deligne 
invariant is compatible with pullbacks); 

( 4 ) N: -f*Whit ^ Whito (since Bq = 7*B). 

From these observed isomorphisms, we find that the pullback of etale sheaves 
from S^t to 50,61 defines a functor 

N': E6(G)^7*E6„(Go)), 

given on objects by N'{tK,h,j) = (7*fK, 7*/i, 7*j). For example, if IK is a T-torsor, 
then 7*3t, a priori a 7*T-torsor, becomes a To-torsor via N. 
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From GirTlL Chapitre V, Proposition 3.1.8], such an equivalence of gerbes 
determines a unique, up to unique natural isomorphism, equivalence of gerbes. 


N:7*E,(G)^E,„(Go), 

lying over the natural isomorphism of bands ■. 7 *Z^ —>■ Zg. In this way, the 
construction of the gerbe associated to a cover is compatible with change of base 
scheme. 


3.7. Parabolic subgroups. Return to the degree n cover G of a quasisplit group 
G D B D T over S. Let P C G be a parabolic subgroup defined over S, containing 
B. As in Section [2A1 we consider a Levi decomposition P = MN and resulting 
cover M. Fix e: fin ^ as before. 

Consider the gerbes Ee(G) and Ee(M). An object of E£(G) is a triple (Jf,/i,j), 
where (df, h) is an root of the torsor 8>pl{'DQ^n), j = ^ jo, G 

jo: —>■ fi^Whit is an isomorphism of “Tgc-torsors. 

Restriction of characters via U D Um = U fl M provides a homomorphism 
of sheaves from Whit to Whit^ (the Whittaker torsor for M). The inclusion 
C of coroot lattices provides a homomorphism of sheaves of abelian groups 
■Lsc ^ T'm.sc, where 

T,e = g„), Tm.sc = g^). 

Similarly, it provides a homomorphism , where 

= 5fom(r^C^), T](i,g, = tKom{T^,C^). 

Define rjJJj to be the image of under this homomorphism. 

The constants defining fi: Tgc —>■ Ts,. are the same as those defining the corre¬ 
sponding map, fi-M: Tm.sc —>■ ^M.sc- We find a commutative diagram. 

Tsc X fi*Whit - - - fj,t,Whit 

^ 'i' -i' 

Hm.sc X {fiM.)*^hit-M ——> {fim)*^hitm 


Composing jg: —>■ fi^Whit with the map to defines a map 

jM.o : —>■ 

This dehnes a functor of gerbes, 

i: E,(G)^E,(M), (J{,h,T^Ajg)^(J{,h,ri;(iAjM.o), 

lying over : Zj' ^ Z^. 

3.8. Weyl action on the gerbe associated to the cover of the torus. We 

keep the degree n cover G of a quasisplit group G D B D T over S. Let w G Tf]!?] 
represent an element of the Weyl group w G WjS"]. As in Section 1^751 Int(i(;) defines 
a well-aligned homomorphism from T to itself. 
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This defines an equivalence of gerbes on ^et, 

lnt(ii;): E,(T) ^ E,(f), 

lying over the homomorphism Int(w)'^: —>■ 

Given two such representatives w,w £ iN'[5'] for w, there exists a unique t £ T(S) 
such that w = w-t. The natural isomorphism of functors A(t); Int(t) ^ Id, defined 
in Proposition 13.151 yields a natural isomorphism 

lnt(«i) ^ lnt(u;). 

In this way, there is an equivalence of gerbes lnt(ri;): Ee(T) —E€(T), defined 
uniquely up to unique natural isomorphism. 

For what follows later, it will be useful to describe the functor lnt('u;) explicitly. 

So consider an object Jf A- Spl(T>Q^n) of Ec(T). Thus TC is a T-torsor on S'et, and 
is a map of sheaves on S'^t satisfying 

h{T * a) = f" * h{a), for all a S TC, f G T. 

The well-aligned homomorphism Int(i/;): T — >■ T yields a commutative diagram 
when we take the second Brylinski-Deligne invariant. 



®Q,ra - 


'^Q,n 

■A 

'^Q,n 


If s G §pl{1)Q^n), define w{s) £ by 

w(s) = Int(zi;) o s o Int(?ii)“^. 

Allowing s to vary, this gives a map of sheaves on S^t, 

w: §pl{‘DQ^n) -t §pli‘^Q,n) 

which satisfies 

w{t * s) = w{t) * w{s). 

The functor lnt(i(;); Ee(T) —E£(T) sends (Jf,/i) to (™d{, ri; o/i), where “'Jf is 
the T-torsor on S^t which coincides with TC as sheaves of sets on and in which 
the torsor structure is twisted: 

T X := W~^T * X. 


An explicit description of w: $pl{'DQ^n) —t §ipl{DQ^n) seems unwieldy, in general. 
But in a special case, we may describe w{s) explicitly. For this special case, define 
to be the maximal ^-split torus in T; its cocharacter lattice Yd coincides with 
'y[S']. Write Xd for the character lattice of this split torus, and <I>d for the subset of 
Xd consisting of the roots of G relative to Write Wd for the Weyl group of the 
relative root system; it can be identified with W[S']. If /? G is a relative root, 
then define wp to be the corresponding reflection in Wd- We refer to the seminal 
paper of Borel and Tits for the resul ts stat ed here about relative root systems; for 
example, the following is a result of |BT65 . Theoreme 5.3]: 

Wd = {w/3 : P £ and 2/3 ^ $d). 


Suppose that /3 G <I>d and 2/3 ^ hereafter, i.e., /3 is non-multipliable. Let 
{ai,... ,a^} be the absolute roots (in $[t/] for some Galois cover U ^ S) whose 
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restrictions to Td coincide with /3. These roots are pairwise orthogonal, and form 
a single Galois orbit. Let S'/S be the etale cover corresponding to the finite Galois 
module As the roots ai,..., ai lie in the same Galois orbit, the 

associated constants Ua ^, • ■ •, are equal, and we write np for their common 
value. Write qp for the common value of (5(ai),..., Q{a^). 

Define resulting cocharacter of T^, and define = npP'^. 

The structure theory of quasisplit groups provides a homomorphism defined over 
S', with finite kernel, Res 5 // 5 SL 2 —>■ G. Gomposing with the natural embedding 
SL 2 ^ Res 5 // 5 SL 2 , we find a homomorphism with finite kernel, 

rp : SL 2 ^ G. 

The standard coroot 1 1 —>■ diag{t,t~^) of SL 2 maps to the cocharacter /3^ S Yd- 
The cover G = {G',n) pulls back via rp to a cover (SL 2 ,n) of SL 2 , defined 
uniquely up to unique isomorphism by the integer = iqp. The second 

Brylinski-Deligne invariant for SL 2 , an extension fits into a commutative 

diagram. 

Sm '-^ -» Z 

— a a ■ j3'^ 

Sm '-5- ‘D -» y 


Let U* be the locally closed subscheme of SL 2 obtained from the closed subgroup 
of upper-triangular unipotent matrices, by deleting the identity section. Let U~ be 
the analogous scheme of lower-triangular unipotent matrices. If e S U»(S), then 
there exists e~ G XJZ(S) such that wp := rp{ee~e) represents the relative root 
reflection wp (cf. lDeo75 . SI.811. This provides an element [e] G D ly ing over /3^ 
by the construction of B-DI . §11.2] (the construction for SL 2 is in B-DI |. and apply 


the inclusion ^ T>). Raising to the np power yields an element G 2 )q_; 
lying over G '^Q,n- 


The following lemma is a slight adaptation of |B-DI . Equation 11.11.2]. 


Lemma 3.16. Suppose that w = rp{ee e) and d G Rg,™ over y G yQ,n- Then 


i 

lnt{w)d = d • ]^ , 

i=l 

Here e{N) = N{N + l)/2. The elements [e,] G T) are described in the proof. 
Proof. Extending scalars to the etale cover S'/S, we have an isomorphism 


e 

(Ress,/sSL2)g, 

i=l 

The natural embedding SL 2 Res 5 // 5 SL 2 is identified with the diagonal embed¬ 
ding, after extending scalars to S'. 

In this way, we may write e = Y[i=i e~ = Y[i=i ^7^ where et and e~ 

commute with Cj and ej for i j. In this way, wp = and the latter 

product consists of commuting reflections in W[S"]. Write Wi = CiCf Ci, and note 
that Wp = Y\wi (a product of commuting elements of G(S")). Tracing through the 
construction of |B-D| . §11.1], we find that [e] = nli[e i], where the latter product 
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consists of commuting elements of T>, with [e^] lying over a/. Define ^ = X]i=i 
in what follows. 

(b^. Equation 11.11.2] gives a formula for each 1 < z < f, 

Int(w,)d = d ■ ■ (-l)9/3^(-<“-!^». 

Since at = npon for all z, we have 

(3.8) Int(zi;0rf = d ■ • (-l)9/3e(-n^<<i..!/)))^ 

Since (a^, aj) = 0 for i ^ j, repeated application of this equation yields 


Int(zi;)(i = d ■ 


i=l 


ed 


n/3{ai,y) , f^_^y/3e{-nf3{ai,y)) 


□ 

Now, if s G §pl{DQ^n), and wp = rp{ee~e) as above, then we say that s is 
aligned with wp if s(a)^) = [e^]"^ for all 1 < z < £. 

Theorem 3.17. Forwp = rp{ee~e) as before, and s G §ipl(T)Q^n) aligned with wp, 
we have 

nLi cii(-l)"/^ * s ifqp is odd; 
s ifqp is even. 

(By Assumption \8.1\. qp odd implies n is even. Each cti G is viewed as a 

cocharacter of T here.) 

Proof. From the formula (|3.8I) . we compute 
[wp{s)]{y) =lnt{wp)s{lnt{wp)~'^y) 


wp{s) = 


= lnt{wp)s 
= lnt{wp)s{y) ■ ]^Int(z(;; 3 )s(aJ)“^“^’^^ 




qfis(-ni3{ai,y)) 


t / t 


1=1 


= s{y) • 


qfl(-{-'n.fj{ai,y))-qfi{ai,y)e{-2np) 


In the last line, we use the fact that s{dif ) = [ci]”'’ for all 1 < z < £, and we use 
the orthogonality relation {aj,af) = 0 for z j, and (dj, dj) = 2. 

For all TV G Z, e(2N) = N modulo 2, and e{—N) — N = e{N) modulo 2. Hence 

e{-np{ai,y))-{a^,y)£{-2np) = e{-np{ai,y))-np{a^,y) = e{np{ai,y)), modulo 2. 
We find that 




2=1 






38 


MARTIN H. WEISSMAN 


If qp is even, then the exponent of (—1) is even and wp{s) = s as claimed. 

If q/B is odd, then n is even and n,g is even. Moreover, n is a multiple of 4 if and 
only if n,g is a multiple of 4. We find that 

i it 

i—1 i—1 

This is precisely the evaluation of y at n, di(-l)"/2 G T[2] = ?fom(yQ,„,p2). □ 

4. The metaGalois group 

We now specialize to three classes of base scheme of arithmetic interest. 
Global: S = Spec(F) for a global field F; 

Local: S = Spec(F) for a local field F; 

Local integral: S = Spec((!I) for the ring of integers O in a nonarchimedean 
local field F. 

Choose a separable closure F/F in all three cases, and write Gal^ = Gal(F/F) 
for the resulting absolute Galois group. In the local integral case, the separable 
closure F/F provides a geometric base point s for Spec((!I) as well, and define 
Galo = 7rf (Spec((!I), s). This is a profinite group, topologically generated by a 
geometric Frobenius element Fr; thus we write Galo = (Fr)pi.of- 

When S = Spec(F) for a local or global field, or S' = Spec((!I) for the ring of 
integers in a nonarchimedean local field, write Gals for Gal^ or Galo accordingly. 

4.1. Construction of the metaGalois group. The metaGalois group will be a 
profinite group fitting into a central extension, 

^ Gals —^ Gals . 

When F has characteristic two, we define the metaGalois group Galp to be the 
trivial extension Gals xy- 2 - The metaGalois group Galo will not be defined when 
O has residual characteristic 2, reflecting the idea that metaGalois representations 
cannot be “unramified at 2” (though one might propose an alternative notion of 
“minimally ramified”). 

4.1.1. Loeal fields. When F is a local field (with 2 0) the quadratic Hilbert 

symbol defines a symmetric nondegenerate Z-bilinear form 

Hilb2: Fjl X F/^2 ^ M2. 

The abelianized Galois group Gal^ is defined, up to unique isomorphism, from F 
alone. When F is nonarchimedean, we normalize the valuation so that val(F^) = Z, 
and we normalize the reciprocity map of local class field theory to send a geomet¬ 
ric Frobenius element to an element of valuation 1. The reciprocity map gives a 
surjective homomorphism 

Tecp/2' Gal^ ^/2' 

Composing the Hilbert symbol with reCi ^’/2 defines a function 

h: Gal?^’ X Galf ^ 2 , 

and it is straightforward to verify that /i is a (bimultiplicative) continuous symmet¬ 
ric 2-cocycle. This incarnates a commutative extension 

--ab 

^2 Gal^ ^ Gelp 
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--au 1 

of profinite groups. Concretely, Gal^ = Gal^ x ^2 as sets, and 
(71. ei) • (72,62) := (7172,6162 • /i(7i,72 )) • 

The pullback of this extension to Galp will be called the metaGalois group of F, 
written Gal^,’. It is a central extension of Gal^,’ by p 2 , 

/i2 ^^ Gal^ —^ Galp^. 

4.1.2. The local integral case. Suppose that f is a nonarchimedean nondyadic 
(i.e., val(2) = 0) local held. Then the quadratic Hilbert symbol satishes 

Hilb 2 (M, u) = 1 for all u,v € . 

Write I C Galp for the inertial subgroup, so that recp(T) = . The cocycle 

h is trivial when restricted to X x X. Thus 7 1 —>■ (7,1) gives a canonical splitting 
a°: X ^ GalF- The natural map Gal^ ^ Galo identihes Galo with Galp /X. 
Dehne Galo = Galp/c” {X) to obtain a commutative diagram with exact rows. 

/12 ‘-^ Galp-> Gali?’ 


H 2 ‘^ Galo- 1 Galo 


We call Galo the metaGalois group of O. If 7 G Gal^ lifts Fr, then every element of 
Galo is equal to ( 7 ", ±1) (mod a°{X)) for some h G Z. In this way, a Frobenius lift 
provides an isomorphism from Galo to the group with underlying set ( 7 ) prof x /X 2 
and multiplication given by 

(7”G6i) • ( 7 ”G 62 ) = (7”^+”^6le2 • (_1 )"i"2G-1)/2^ ^ 
where q is the cardinality of the residue held of O. 


4.1.3. Global fields. When F is a global held (with 2 ^ 0 as before), the Hilbert 
symbol dehnes a symmetric Z-bilinear form, 

Hilb 2 : Ay 2 x A ^2 T 2 , 

obtained as the product of local Hilbert symbols. This dehnes a continuous sym¬ 
metric 2 -cocycle, from which we get a commutative extension, 

(4.1) IJ,2 ^ A ^2 ■^/ 2 - 

Global quadratic reciprocity for the Hilbert symbol (Hilb 2 (u,v) = 1 for all u,v G 
F^) provides a canonical splitting ap: A^.^. Taking the quotient yields a 

commutative extension, 


(4.2) 


M 2 


\ X 

72 


\ X 

V 2 


ap{F)^,) Fjl 


The global reciprocity map of class held theory gives an surjective homomorphism, 

rec^/ 2 : Gai?)p - a;2/f;2 = (AX/AU/2. 



40 


MARTIN H. WEISSMAN 


Pulling back (14.211 via recF /2 yields a commutative extension, 

/i2 Gal|!". 

Pulling back via Gal^ Gal^ defines the metaGalois group of F, 

fi2 ^ Gal^ —Gal^ . 

4.1.4. Compatibilities. If i; G V is a place of a global field F, then an embedding 
F ^ Fy of separable closures determines an injective homomorphism by : Galj’,, ^ 
Galj’. As the global Hilbert symbol is the product of local ones, we find a homo¬ 
morphism ly realizing GalF„ as the pullback of the extension Galj’. 

fJ‘2 ‘ - 1 Gal^,^ -^ Galf^ 

= Lv 

^ 

fj,2 ‘^ Galj’- > Gali? 


For local and global fields F, a choice of separable closure F/F entered the con¬ 
struction of the metaGalois group. Suppose that Fq is another separable closure of 
F. Every F'-algebra isomorphism 6: Fq —> F yields an isomorphism t: Gal(Eo/A') — 
Gal(.F/E). The resulting isomorphism Gal(Fi]/F)*‘'^ ^ Gal{F/F)^^ does not de¬ 
pend on t. 

The separable closure Fq yields a cocycle ho: Gal(.Fo/^)’^*’ x Gal(.Fo/^)’^*’ —>■ 
and thus a metaGalois group Gal(.F'o/F). Since the defining cocycles ho and h factor 
through abelianized Galois groups, the isomorphism t: Gal(.Fo/F) —^ Gal(.F'/F') 
lifts canonically to an isomorphism of metaGalois groups. 


P2 ‘-^ Gal(Fo/F)-^ Gal(Fo/i^) 


= 


L 

L 

T2 

—^ Gal(F/F) 

-» Ga\{F/F) 


4.2. The Brauer class. When T is a local or global field, the metaGalois group 
is an extension fi 2 ^ Gal^ ^ Gal^- As such, it has a cohomology class in the 
Brauer group. 


GalF 


eHl{F,^i2)=BT{F)[2]. 


This Brauer class is often trivial - the metaGalois group often splits, though it 
rarely has a canonical splitting. 


Proposition 4.1. Suppose that F is a nondyadic (i.e., val(2) 


chimedean local field. Then 


GalF 


is the trivial class. 


0 ) nonar- 


Proof. The projection GalF —>■ Gal© identifies the metaGalois group of F with the 
pullback of the metaGalois group of O. 


pL2 -^ GalF-^ GalF 


T2 


■> Galo 


■t Gal(p — (Fr)prof 
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But every extension of % by /i 2 splits (though not canonically); hence the metaGalois 
group splits and its Brauer class is trivial. □ 


Proposition 4.2. Over K, the metaGalois group is a nonsplit extension, so 
is the unique nontrivial class in the Brauer group Br(R). 


GaljR 


Proof. Let cr denote complex conjugation, GrIr = Gal(C/]R) = {Id, u}. The meta- 
Galois group is a cyclic group of order 4 sitting in an extension 

P -2 ^ Galg —» GeIr . 

Indeed, the cocycle h satisfies h{a,a) = Hilb 2 (—I,—I) = —1. Thus 

(cr, 1) • (cr, I) = (Id, -1) G GalR. 


Hence (cr, 1) is an element of order 4 and 


GalR 


is nontrivial. 


□ 


Proposition 4.3. Let F 2 be a dyadic nonarchimedean local field of characteristic 


zero. Then 
odd. 


GalF2 


is trivial if [F 2 '. Q 2 ] even, and is nontrivial if [F 2 : Q 2 ] is 


Proof. Let d = [F 2 : Q 2 ]. By approximation, there exists a global field F such 
that F (g)Q Q 2 is isomorphic to F 2 as an F-algebra. Indeed, the primitive element 
theorem allows us to write F 2 = Q 2 (- 2 ) for z G F 2 & root of a monic irreducible 
polynomial P G Q 2 [.Y]. This gives an isomorphism of Q 2 -algebras from Q 2 [X]/(P) 
to F 2 • A small change in the coefficients of P will not change the isomorphism class 
of the field Q 2 [A]/(P), by Krasner’s lemma. Hence, by density of Q in Q 2 , we may 
assume that P G Q[A]. As P is monic irreducible over Q 2 ) it is monic irreducible 
over Q. The field F = Q[X]/(P) satisfies the condition that PG 1 QQ 2 is isomorphic 
to P 2 as an P-algebra. 

The global metaGalois group Gal^ has a Brauer class fip with local components 
satisfying 

• Pf,v is trivial when P„ has odd residual characteristic (by Proposition |TT]); 


• Pf,2 = 


Galfj 


at the unique place of even residual characteristic; 


• Pf,v is nontrivial at all real places (by ProDOsition l4.2|l : 

• (Parity condition) fip.v is nontrivial at a set of places of even cardinality. 

We have d = [P 2 : Q 2 ] = [P : Q] = ri -|- 2r2, where ri is the number of real places, 
and r 2 the number of complex places. It follows that d is even if and only if ri is 
even. The parity condition on the global Brauer class implies that ri is even if and 
only if Pf ,2 is the trivial class. □ 


Corollary 4.4. Let F be a global field, with 2 0 in F. Then the Brauer class 

of Galp is that of the unique quaternion algebra which is ramified at all real places 
and all dyadic places of odd degree over Q 2 • 


Proof. This follows directly from the previous three propositions, and the local- 
global compatibility of the metaGalois group. □ 


In particular, the Brauer class GalQ is that of the quaternion algebra 


(- 1 .- 1 ) 


ramified only at 2 and 00 . If P is a global field of characteristic p 2, then 
is the trivial class. 


GalF 
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4.3. Splitting by additive characters. The metaGalois group may be a non¬ 
split extension of Gals by /i 2 , and even when it splits, it rarely splits canonically. 
However, an additive character suffices to split the metaGalois group after pushing 
out via fj ,2 ^ In the three cases of interest, define a Sml'S'J-torsor it's as follows. 

• When F is local, let be the set of nontrivial continuous homomorphisms 
from F to C^. If u G F^, ■0 € 'Pf, write [u * '0](a;) = ipivT^x). In this 
way, is a F^-torsor. 

• When F is global, let be the set of nontrivial continuous homomor¬ 
phisms from A/F to C^. If u G F^, ip write [u*ip]{x) = ip{u~^x). 

In this way, i^f is a F^-torsor. 

• When F is local nonarchimedean, with ring of integers O, let To be the 
set of nontrivial continuous homomorphisms from F/O to C^. li u G , 
Ip G To, write [u * ip]{x) = ip{u~^x). In this way. To is a O^-torsor. 

Define here = f£^{C) = {1, —1, i, —%}■ When F is a local field (with 2 ^ 0), 
and G Tf, the Weil index is a function wf(*, V’) ■ PJ 2 ^4 which satisfies 


(4.3) 


wf(uv, Ip) 


= Hilb 2 (u, v). 


V/Fpu, ' 0 ) wf ( u , Ip) 

Our wf(u,iP) is defined to be ^{ ux^)Hjx^) in Weil’s notatio n from Wei64l . §29] 
and is written ^f{u,iP) in |RR93L §A.3] and elsewhere. From RR93I . Proposition 
A.ll], the local Weil indices are trivial on at all nondyadic places. 

When F is a global field and "0 G Tf, the Weil index is the function 


wf(*,V'): A/2 M4 


def ined as the product of local Weil indices. The global Weil index is trivial on F^ 
by Wei64l . §11.30, Proposition 5]. As the global Hilbert symbol Hilb 2 : A^ x A^ —>■ ^2 
is defined as the product of local Hilbert symbols, the formula (14.31) holds in the 
global setting too. 

--(4) -- 

Write Galg for the pushout of Gals via the inclusion ^2 ^ /44 (when S = 
Spec(F) or S' = Spec(O) as usual). 


^2 ‘-^ Gals-^ Gals 

‘- > Gals ^ ^ Gals 


The splittings of Galg , if they exist, form a Hom(Gals, /r 4 )-torsor. In what follows, 
if u G 9m [S] , define Xu '■ Gals —t ^,2 to be the quadratic character associated to 
the etale extension F[ySI| (in the local or global case) or 0\-^/v\ (in the nondyadic 
local integral case). 

Proposition 4.5. For each additive character ip G Ts, the Weil index provides a 

--(4) 

splitting s{ip): Gals —t Gals . Moreover, this system of splittings satisfies 
s{u *ip) = Xu* s{ip) for all u G 9m [Sj. 

The splittings s{ip) are described in three cases below. 
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4.3.1. Local fields. When F is a local field, the pushout Galg can be identified 
with the product Gali? x/i 4 as a set, with multiplication given by 

( 71 , Cl) • (72,C2) = ( 7172 , ClC 2 * Hilb2(recF/2(7i).i'ecF/2(72))) ■ 

--( 4 ) 

For tp (14.31) provides a splitting s{'ip): Gal^ —>■ Galp , 

sWil) = ( 7 ,WF(recF/ 2 ( 7 ),'(/>)) , for all 7 e Galp ■ 

If M G , then |RR93I . Corollary A.5] states that WF{a,u * f)) = Hilb 2 (a,M) • 
WF{a,tp). Since Hilb 2 (reCir /2 7 >u) = Xu{"t), we find s{u *ip) =Xu* s{ijj). 


4.3.2. The local integral case. When F is a nonarchimedean, nondyadic local field, 
the local Weil index is trivial onO^. Given a character ip G '^o C '^Fi the splitting 

-^( 4 ) 

s{ip): GaR —>■ Gal^ coincides with the canonical splitting cr° on inertia, 
s{ip){'y) = cr°( 7 ) = ( 7 , 1 ), for all 7 G F. 

--( 4 ) 

It follows that s{ip) descends to a splitting of Gal(p at nondyadic places. 

s(V>) 

^4 ^ Gal^ ^ Galei. 

If It G write u for its image in the residue field F,. As before, we have 
s(u * Ip) = Xu ‘ s(ip). But now, the quadratic character Xu is restricted to Galo = 
(Fr)prof; we have 

X„(Fr)=zz(«-i)/ 2 g^ 2 . 

In other words, Xu is the character of Galo which sends Fr to the Legendre symbol 
of the reduction of u. 


4.3.3. Global fields. In the global setting, pushing out via /i 2 ^ ^^4 gives a short 
exact sequence 


(4.4) 


M4 



-» A 


X 

/2- 


'(4) 


The middle term is given by x /i 4 as a set, with multiplication given 

by 

(ui,Ci) • (W2,C2) = (■uiM2,CiC 2 ’ Hilb2 (mi,U 2 ))■ 

A character ip G 'i’F provides a splitting of the extension (14.411 . 


Sa{iP){u) = {u,-wf{u,iP)) for all u G A^^ 


Since wf{u,iP) = 1 for all u G F^, this splitting restricts to the canonical splitting 
ctf: F^^ —>• A^ 2 - Thus sa(' 0) descends and pulls back to a splitting s{ip): GaR —>■ 

--(4) 

Galp • If u G F^, then our local results and local-global compatibility imply that 
s{u *1p) = Xu- s{lp). 
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4.4. Restriction. Suppose that F' jF is a finite separable extension with F' C F. 
In the local integral case, suppose that F' jF is unramified and let O' be the ring of 
integers in F'. Write S' = Spec(F') in the cases of local or global fields, and write 
S' = Spec(C>') in the local integral case. We have defined metaGalois groups for S 
and S'. 

P2 ‘-^ Galg' - » Gals' 

(4.5) = i, 

fi2 ‘-^ Gals- » Gals 


The inclusion F' C F gives an inclusion of Galois groups Gals' ^ Gals, but a 
natural inclusion of metaGalois groups is not obvious. In particular, the cocycle 
defining Gals does not restrict to the cocycle defining Gals' ■ 

Fortunately, a beautiful insight of Wee Teck Gan gives s uch an inclusion of 
metaGalois groups, using a “lifting theorem” of Edward Bender |Ben73 |. We explain 
this insight here. 

In the case of local fields, consider a nonzero element u G F', and the “trace 
form” (cf. [S er 3 ) F' ^ F given by a: i—>■ Tr^-/ fp(ux^). Viewing this as a quadratic 
form on a finite-dimensional F-vector space F', it has a Hasse-Witt invariant (an 
element of {±1}). Define 


HW(m) = 


Hasse-Witt invariant of cc i—>■ Trpf jp(ux^) 
Hasse-Witt invariant oi x ^ Trp'/p{x'^) 


This function depend s only on the square class of u. 

Bender’s theorem |Ben73l . Theorem 1] states that 

Hilbi;./. 2 (u, v) = • HilbF. 2 (Ni;. 7 _F u, Nf'/f v). 

HW [uv) ' ' 


Lett: Gal^' ^ Gal^ be the canonical inclusion, so that recF('-( 7 )) = Nf'/f recF( 7 ) 
for all 7 G Gal^'- 


Proposition 4.6. Let F be a local field (with 2 0 as usual). Then the function 

l: Galp' Galf, given by 

i(7, ±1) = ('•(7), ± HW(recF' 7)) 

is a group homomorphism completing the commutative diagram 

Proof. Gonsider any 71,72 G Gal^' and define ui := recp/(ji), U 2 ■= recF'( 72 ). 
Thus recF(i( 7 i)) = N^'/f and recF(t(72)) = Nf'/f ^ 2 . For all ei, £2 G {±1}, we 
compute 

( 72 , £ 2 )) = f(7i72,eie2HilbF',2 (recF'(7i)vecF'(72))) 

= (47172), £162 HilbF',2(Ml,M2) •HW(uiM2)) 

= (471)472), £i£ 2 HilbF,2(NF7F Ui, Nfvf ^2) HW(ui) HW(u2)) 

= (47i),£i HW(mi)) • (t(72),£2 HW(u2 )) 

= 471, £1) • 472, £ 2 ). 

□ 
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In the local integral case, when O is the ring of integers in a nondyadic nonar- 
chimedean field, HW(u) = 1 for all u S From this it follows that 1: Gali?/ ^ 
Galj’ descends to an injective homomorphism. 

/i2 '-^ Galo'- G&Iqi 

= 1 1. 

'i' 'i' 'i' 

/i2 '-^ Galo-^ Galo 

In the global case, when F is a number field, we note that Hi, HWt,(u) = 1 for all 
u G (here HW^ denotes the invariant as the place v). From this it follows that 
the injective homomorphisms : Gali^^ ^ Galp^ yield a injective homomorphism 
globally. 

/i2 ‘- > Galf' -^ Gali?' 

= L i 

1^2 ‘-^ Gali?-Galir 

Taken together, these inclusions 1: Gals' ^ Gals allow one to canonically “re¬ 
strict” inetaGalois representations (representations of Gals). 


5. L-GROUPS, PARAMETERS, L-FUNCTIONS 


5.1. L-groups. We use the term “L-group” to refer to a broad class of extensions of 
Galois groups by complex reductive groups. Unlike Langlands, Vogan, and others, 
we do not assume that our L-groups are endowed with a conjugacy class o f splittings. 
Our L-groups are more closely related to the “weak E-groups” of VogQSl Definition 
3.24]. But we maintain the letter “L” since our L-groups are still connected to L- 
functions. 

The other difference between our L-groups and those in the literature is that 
(for reasons which will become clear) we consider our L-groups as objects of a 2- 
category. A base scheme S and geometric point s —>■ S' will be fixed as in the 
previous section. 


Definition 5.1. An L-group is a pair (G^, '“G), where G'^ is a complex linear alge¬ 
braic group (not necessarily connected) and *-G is an extension of locally compact 
groups 


G^ -A "-G ^ Gals, 


for which the conjugation action of any element of '"G on G^ is complex-algebraic. 


Remark 5.2. For complex linear algebraic groups, we do not distinguish between the 
underlying variety and its C-points. Thus we say G^ is a complex linear algebraic 
group, and also view G'^ as a locally compact group. 

Of course, Langlands’ L-group '“G = Gal^ kG^ (associated to a reductive group 
G over a field F) is an example. When U is a finite-dimensional complex vector 
space, the direct product Gals xGL{V) is an L-group. Since we don’t assume G^ 
to be connected, our metaGalois group Gals is an L-group. 
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Definition 5.3. Given two L-groups, 

GX -a '-Gi ^ Gals, G^ -a '-G 2 ^ Gals, 
an L-morphism '■p: '"Gi —>■ '■G 2 will mean a continuous group homomorphism lying 
over Id: Gals —t Gals, which restricts to a complex algebraic homomorphism 
: GY —>■ G 2 ■ An L-equivalence will mean an invertible L-morphism. 

In other words, an L-morphism fits into a commutative diagram, with the middle 
column continuous and the left column complex-algebraic. 

G^ '-^ '-Gi -» Gals 

p'' '■p = 

GY '-^ '-G2-^ Gals 


Definition 5.4. Given two L-morphisms ^Gi — >■ '■G 2 , a natural isomor¬ 

phism ^p ^ ^p' will mean an element a S (the center of GY) such that 

'-p'{g) = a ■ '-p{g) ■ for all 5 S '“Gi. 

In particular, note that '■p and '■p' coincide on G^ when they are naturally isomor¬ 
phic. 

While the axioms for a 2-category are not satisfied if one looks at all L-groups, 
L-morphisms, and natural isomorphisms, this does define a 2-category of L-groups, 
1j- equivalences, and natural isomorphisms. 

In many cases of interest (e.g., when '■G 2 arises as the L-group of a split reductive 
group), the only natural isomorphism is the identity. However, in some nonsplit 
cases, e.g., '-G 2 = Gals kS'L 3 (C), the Langlands L-group of a quasisplit G = 
PGU 3 , a nontrivial element a G does not lie in the center of '■G 2 . Such an 
element a may determine a nonidentity natural isomorphism. 

An L-representation of an L-group '“G will mean a pair (p, V), where H is a finite¬ 
dimensional complex vector space, and p: '“G —>■ GL{V) is a continuous homomor¬ 
phism whose restriction to G^ is complex algebraic. Giving an L-representation of 
“■G is the same as giving an L-morphism '-p: '“G —>■ Gals xGL(V). 


5.2. Parameters. Write Ws for the Weil group. When S = Spec(F) for a local or 
global field, this Weil group Ws is Wp defined as in |AT09l |: when S = Spec(G), we 
define Ws to be the free cyclic group (Fr) = Z generated by a geometric Frobenius 
Fr. In all cases, the Weil group is endowed with a continuous homomorphism 
Ws —t Gals with dense image. 

Let G^ ^ '“G ^ Gals be an L-group. A Weil parameter is a continuous homo- 
'“G lying over Ws 


morphism (f>\ W s ~C t lying over yvs "^ais, sucn rnar (p {w} i s semis impie lor 
all w G Ws (see |Bor79L §8.2]). The reader may follow Bor79l | and |GR1C|| | to define 
Weil-Deligne parameters in this general context, when working over a local field. 

Write Par(Ws, '“G) for the set of '“G-valued Weil parameters. It is endowed with 
an action of G'^ by conjugation: if p G G^ and cf) is a parameter, then define 

^(w) = (j){g~^wg). 

Two parameters are called equivalent if they are in the same G'^-orbit. 
Gomposition with an L-morphism '■p: '“Gi —> '■G 2 defines a map, 

'-p: Par(Ws,'■Gi) ^ Par(Ws,'■G 2 ). 


Gals, such that M w) i s semis imple for 
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Moreover, this map is equivariant, in the sense that for all gi S and all param¬ 
eters (j) G Par(>Vs, '“Gi), we have 

Thus the L-morphism p descends to a well-defined map of equivalence classes 

L Par(>Vg,LGi) ^ Par(>Vs,LG2) 

G^ — conjugation — conjugation' 

Next, consider a natural isomorphism of L-morphisms p ^ p', with p, p': '"Gi —>■ 
'~G 2 - We find two maps of parameter spaces, 

'-p, '-p' : Par(>Vs, '“Gi) Par(>Vs, ‘■G 2 ), 

and an element a G Z2 such that ^ p' is obtained from '■p by conjugation by a. 

It follows that '■p and '■p' induce the same map on equivalence classes, 

L _L,. Par(Ws,LGi) ^ Par(>Vs,LG2) 

G^ — conjugation G 2 — conjugation 

Suppose that an L-group '“G is defined up to L-equivalence, and the L-equivalence 
defined up to unique natural isomorphism. Then the set of equivalence classes of 
parameters 

Par(>Vs,'-G) 

G'^ — conjugation 

is uniquely defined up to unique isomorphism. 


Remark 5.5. Refinements of the Langlands parameterization for quasisplit groups 
suggest that one should look not only at equivalence classes of (Weil or Weil- 
Deligne) parameters, but also irreducible representations of the component group 
of the centralizer of a parameter. Or, following Vogan Vog93l |. one can look at 
G^-equivariant perverse sheaves on a suitable variety of parameters. The fact that 
conjugation by a G Z 2 commutes with the conjugation action of G 2 implies that 
conjugation by a preserves not only the equivalence class of a Weil parameter for 
'■G 2 , but also the equivalence class of such a refined parameter. If an L-group is 
defined up to L-equivalence, and the L-equivalence defined up to unique natural 
isomorphism, then the set of equivalence classes of refined parameters is uniquely 
defined up to unique isomorphism. 


5.3. L-functions. Let G^ '“G -» Gals be an L-group, and (f>: Ws —>■ '“G a Weil 
parameter (or we may take (/) to be a Weil-Deligne parameter in the local case). 
Let (p, V) be an L-representation of '“G. Then 

po<j)-.Ws^ GL{V) 


is a Weil representation (or Weil-Deligne representation in the local c ase). As such 
we obtain an L-function (as defined by Weil and discussed in Tat79l . §3.3]), 


L((^,p,s) := L{po(j),s). 


Choosing an additive character ip as well gives an e-factor (see 
on work of Langlands and Deligne), 


Tat79l §3.4], based 


e{(p,p,ip,s) := e{po(P,ip,s). 
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In the local integral case S = Spec((!I), we have Ws = (Fr), and we define the 
L-functions and e-factors to be those coming from the unramified representation of 
Wf by pullback. 

In the setting of Langlands L-groups, a zoo of L-representations arises from com¬ 
plex algebraic representations of , yielding well-known “standard” L-functions, 
symmetric power and exterior power L-functions, etc.. 

But in our very broad setting, we limit our discussion to adjoint L-functions, 
as these play an important role in representation theory and their definition is 
“internal.” Consider any L-morphism p: —)> of L-groups. 

H'^ =-> -» Gals 

p'' '-P 

G'^ ‘^ '-G -» Gals 


For example, we might consider the case where is a Levi subgroup of (as 
arises in the Langlands-Shahidi method, Sha8l| L 

Let 0 '^ be the complex Lie algebra of G^. The homomorphism ^p followed by 
conjugation gives an adjoint representation: 

Adp-. ^H^GLis'^). 

Suppose we have a decomposition of as a representation of ^H, 


(5-1) 0^ — ^0^ • 

i=0 

For example, when H'^ is a Levi subgroup of a parabolic P'^ C G^, we may de¬ 
compose into 1)^ and the steps in the nilradical of the Lie algebra of P^ and its 
opposite. 

A decomposition (|5.1I1 gives representations Adi '■ '~H —>■ GL (g^). When (j: Ws —t 
'-H is a Weil parameter, we obtain L-functions 


L{(j), Adi, s) := L{Adi o cj, s). 

In particular, when ^P[ = '“G, and p = Id, we write Ad for the adjoint represen¬ 
tation of *-G on g^. This yields the adjoint L-function L{(j),Ad,s) for any Weil 
parameter (j: Ws '“G. When is a Levi subgroup of a parabolic in G'^, 
and Adi arises from a step in the nilradical of the parabolic, we call L{(j), Adi, s) a 
Langlands-Shahidi L-function. 


Remark 5.6. The importan ce of suc h L-functions for covering groups is suggested by 
recent work of D. Szpruch |SzDl3a |. who demonstrates that the Langlands-Shahidi 
construction of L-functions carries over to the metaplectic group. But it is not 
clear how to extend the Langlands-Shahidi method to other covering gr oups, where 
uniqueness of Whittaker models often fails. The thesis work of Gao Fan Gao| takes 
some promising steps in this direction. The general machinery of adjoint L-functions 
also su ggests an analogue, for covering groups, of the Hiraga-Ichi no-Ikeda conjecture 
HIIOSL Gonjecture 1.4] on formal degrees (see Ichino-Lapid-Mao ILM14j L It is also 


supported by the simpler observation that theta correspondence for the metaplectic 
group Sp 2 n provides a definition of adjoint L-functions independently of choices of 
additive characters. 
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5.4. The L-group of a cover. Now we define the L-group of a cover. Let G 
be a degree n cover of a quasisplit group G over S. Fix an injective character 
e: Hn ^ Choose a separable closure F/F, yielding a geometric base point 

s —>■ S' and the absolute Galois group Gals = 7r®*(S, s). 

Recall the constructions of the previous three sections. 

• denotes the dual group of G, a local system on S^t of pinned reduc¬ 
tive groups over Z, with center It is endowed with a homomorphism 

• Ee(G) is the gerbe associated to G, a gerbe on S§t banded by = Zi'^(C). 

• ^2 ^ Gals -» Gals is the metaGalois group. 

Define = Zg = %£{C). This is the center of the complex pinned reductive 
group G'^ = 9j = Sj(C). Note that Gals acts by pinned automorphisms on G^. 
Pushing out Gals via tq: /i 2 — Z'^ defines an L-group, 

(5.2) Z'^ -A (tq )*(Rds ^ Gals . 

From Theorem ll9.71 the fundamental group of the gerbe Ec(G) at the base point s 
is an L-group, well-defined up to L-equivalence, and the L-equivalence well-defined 
up to unique natural isomorphism, 

(5.3) -A7rf(Ee(G),s) ^Gals. 


Remark 5.7. Th e extensions (lOl) and (15.31) play the role of the first and second 
twist in Weil4a| . In fact (15.2|) is canonically isomorphic to the first twist in the 
split case; the extension (j5.3ll may not coincide with the second twist un der some 
circumstances, and the construction here is more general than Weil4aj in both 
cases. 


The Baer sum of (I5.2|l and (I5.3|l is an L-group which will be called '-Z, 

Z'^ ^^Z^ Gals. 

The L-group of G is defined to be the pushout oi'-Z via the inclusion Z'^ ^ G'^, 

G"^ -A '-G ^ Gals . 

More explicitly, this pushout is in the Gals-equivariant sense. In other words. 


{{z,z-^) : z & Z^y 

where the semidirect product action ^Z —>■ Aut(G'^) is given by projection '-Z —>■ 
Gals followed by the action Gals —>■ Aut(G^). 

By construction, '“G is well-defined by G and e up to L-equivalence, and the 
equivalence defined uniquely up to unique natural isomorphism. To describe '“G on 
the nose (not “up to L-equivalence”), one must choose a geometric base point z for 
the gerbe Eg(G) over s. 


5.5. Well-aligned functoriality. Our notation here follows that of Section [ST] 
consider a well-aligned homomorphism 7: Gi —^ G 2 of covers, each endowed with 
Borel subgroup and maximally split maximal torus, i.e., a morphism in the category 
WACs. Fix e as before. We have constructed gerbes Ee(Gi) and Ee(G 2 ) associ¬ 
ated to Gi and G 2 ) banded by and Z 2 , respectively. We have constructed a 
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homomorphism of dual groups : S 2 Si in Section 12.31 which (after taking 
C-points) restricts to : Z 2 —>■ 2.^. This homomorphism is compatible with the 
2-torsion elements, i.e. o tq^ = tq^. In Section [XU we constructed a functor of 
gerbes i: ££( 62 ) —E£(Gi), lying over : £2 —>■ £1 • 

Define and Z 2 = £>2 s(^)- These are the centers of the complex 

pinned reductive groups = Sys(C) and G 2 = S 2 ,s(*i-)- 
The compatibility o tq^ = tq-^ defines an L-morphism, 


Z 2 ‘- > (TQ2)*Gals-^ Gals 

(5.4) 11 = 

ZX '-^ (tqJ^gTIs -^ Gals 


The functor of gerbes i: ££( 62 ) ^ E£(Gi) defines an L-niorphism, well-defined up 
to unique natural isomorphism. 

ZX '-^ Trf (££(G2 ),s) -^ Gals 


(5.5) 

ZX '-^ Trf (££(Gi),s) -» Gals 

Applying Baer sums to (15.41) and (15.51) yields an L-inorphisni, 

ZX ‘-^ '-£2-^ Gals 


ZX '-> '-Zi -^ Gals 

Pushing out yields an L-morphism, well-defined up to natural isomorphism. 


GX '-> ‘-G2-» Gals 



G^ '-> ^Gi -» Gals 


In this way, the construction of the L-group is contravariantly functorial for 
well-aligned homomorphisms. 


5.6. Local-global compatibility. Suppose that 7 : F ^ is the inclusion of 
a global field F into its localization at a place. Let G be a degree n cover of a 
quasisplit group G over F, and let e: fin ^ be an injective character. Let 
F ^ Fv he an inclusion of separable closures, inducing an inclusion Gal_F„ ^ Gal_F 
of absolute Galois groups. Write S = Spec(F) and Sy = Spec(Fi,), and s —>■ F and 
Sy —>■ Sy for the geometric base points arising from F ^ Fy. 

Write G„ for the pullback of G via Spec(Fi,) —>• Spec(F). Similarly, write Qy 
for its Brylinski-Deligne invariant. The results of Section IXTl identify G'^ = Sj (C) 
with the corresponding dual group for G„ (relative to the separable closure F„). 
Thus we simply write G'^ for their dual groups and Z'^ for the centers thereof. 






























L-GROUPS AND PARAMETERS FOR COVERING GROUPS 


51 


The results of Sections 12.41 and [4.1.41 together provide an L-morphism, unique up 
to unique natural isomorphism. 


^ -» Galf, 

(5.6) L [ 

Z'^ '-^ » GalF 

The results of Section im and following Theorem 119.71 give an L-morphism, 
unique up to unique natural isomorphism. 

Z'^ ‘-> Trf (E,(G„),s„)-» GalF„ 

(5.7) L I 

Z'' '-^ Trf (E,(G),s)-» GalF 

Applying Baer sums to (15.61) and (15.71) . and pushing out via Z'^ ^ yields 
an L-morphism, unique up to unique natural isomorphism. 

^ '-Gy -» GalF„ 


‘^ '-G -^ GalF 


In this way, we identify the L-group of G„ with the pullback of the L-group of G, 
via the inclusion of Galois groups GalF„ ^ GuIf. 


5.7. Parabolic subgroups. Return to a degree n cover G of a quasisplit group G 
over S, and let P C G be a parabolic subgroup defined over S. As before, consider 
a Levi decomposition P = MN and the resulting cover M. Fix e: /j,„ ^ C^. 
Compatibility of the dual groups from Section 12.51 gives inclusions 

Z'^ ^ Zh^M^ ^ G'^, 

where Z^ denotes the center of G^, and Z)^ denotes the center of . As these 
inclusions are compatible with the 2-torsion elements in Z^ and Z'^, we find an 
L-morphism. 


Z'^ '-^ (rQ),'-GalF-» Gals 

(5.8) i i_ 

Zm '-^ (^QM)*^GalF-» Gals 


Section iTTl provided a functor of gerbes i: Ee(G) ^ Ee(M), lying over 

This defines an L-morphism of etale fundamental groups, up to unique natural 
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isomorphism. 


^ Trf (E,(G),s)-^ Gals 

(5.9) i i „ 

Zm '-> Trf (E,(M),s)-» Gals 


Applying Baer sums to (j5.8ll and (15.91) yields an L-morphism, uniquely defined 
up to unique natural isomorphism. 

Z'^ '-^ ^Z -» Gals 

‘-^ '~Zm -» Gals 


The universal property of pushouts yields an L-morphism. 

^ Gals 

^ -» Gals 


This L-morphism is well-defined up to conjugation by Z'^j. 

As a special case, when P = B = TU, we find an L-morphism 




G^ 


-A -» Gals 


-A lg 


Gals 


A principal series parameter for G is a Weil parameter cj): Ws —>■ '“G, which factors 


through a Weil parameter Ws —>■ via the L-morphism above. By RaiOdl . Theo¬ 
rem 2], principal series parameters exist, i.e., there exist Weil parameters Ws —>■ ^T. 


5.8. The Weyl-group action on the L-group of a cover of torus. We keep the 
degree n cover G of a quasisplit group G D B D T over S. As before, Z'^ = Zs(C) 
and similarly T'^ = Ts(C) and & = Ss(C). Write iV^ for the normalizer of 
in &. Define W = Wj, a finite group endowed with Gals-action. As a group 
endowed with Gals-action, W is identified with W'^ = N'^/T'^. Assume in this 
section (as in Section that T splits over a cyclic Galois cover of S. 

For convenience, write Og = 9m,s', thus Og = if F is a local or global field, 
and Gj is endowed with an action of Gals. 

Choose a geometric base point z = (TC, h,j) G E£(G)j. Such a geometric base 
point defines a geometric base point x = (Jf, h) G Ee(T)g, and a commutative 
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diagram 




-a^i(E,(G),z) -»Gals 


f'^ '-)■ 7ri(E,(T),5)-Gals 

Taking the Baer sum with (rQ)*Gals, we find an L-morphism 

Z'^ '-> -» Gals 

f^ '-Ts-» Gals 


Here we place z and x in subscripts to emphasize the dependence on geometric base 
point. We must be careful here to discuss L-morphisms “on the nose” and not just 
up to natural isomorphism. 

This L-morphism identifies with k T'^)/ {{u,u~^) : u S Z^). As de¬ 
scribed in the previous section, the universal property of pushouts yields an L- 
morphism, 


f^ ^ 

^ -» Gals 


In this way, we find a chain of subgroups, ^Zz ^ ""Ts ^ '“Gj lying over Gals- The 
inclusion *-Tj ^ '-Gz is an inclusion of semidirect products. 




'-Zz K 




LZ. K G^ 


({u,u~^) : u G Z'^) {{u,u~^) : u G Z'^) 


= ^Gz. 


For all C G ^Zz, G G'^, we write for the corresponding element of ^Gz- 

Let w G represent an element of the Weyl group u> G W[S'] = Let 

iD^ denote the element of W'^ corresponding t o the e lement w. There exists a Gals- 
invariant representative G for w'^ (by [Bor79l Lemma 6.2]). Gonjugation by 
■nZ gives an L-morphism Int(n'^): t ^Tx- 

The Gals-invariant representative of is unique up to multiplication by 
(TV)Gais Hence the L-morphism Int(n^) depends only on w'^, which in turn 
depends only on w. Therefore we write Int(w'^) instead of Int(n^), as we describe 
the L-morphism below. 


(5.10) 


f'^ '-^ '-fx -^ Gals 


Int(u)'') 
J’V ,-^ 


Lfs-^ Gals 


Proposition 5.8. For all w G W[5'], and all C G '~Zz C '~Tx, we have Int(w'^)C = C. 
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Proof. We compute directly, writing 7 for the image of ^ in Gals, and for a 
Gals-invariant representative of w'^ in 

Int(r(;^)^ = Int(n'^)[(, 1 ] (in the group '“Gj), 

= [l,n'^].[C,l]-[l,(n^)-i], 

= [l,n'^]-[C,l]-[l,(n'^)-^]-[C,l]-MC,l], 

= [((■, 1] = C (since is Gals-invariant). 

□ 

The previous proposition describes the automorphism Int(iy^) of ^Tx- For any 
element S ^Tx, we find that 

Int(za^)[C,t^] = [C,Int(ii;'^)t'^]. 

There is another action of the Weyl group on ^Tx , arising as in Sections 12.61 and 
13.81 from the well-aligned homomorphism Int(w). 



From Section 15.51 the well-aligned homomorphism defines an L-equivalence lying 
over Int(w)^, up to natural isomorphism. 


(5.11) 




-^^Tx 


Gal5 


In.t(K 

t_ 


'■ Int(iii) 

-A ^fx -A Gals 


From Section \m we know that lnt(r(;'^) = Int(w)^, as automorphisms of the 
dual torus T^. The rest of this section will be devoted to demonstrating that the 
L-morphism lnt(i(;'^) in (15.101) is naturally isomorphic to the L-morphism '■Int(w) 
in (15.lip . For this, we must describe '"lnt(r(;) in much more detail. 

The well-aligned homomorphism lnt(ri;) gives an equivalence of gerbes, 

lnt(zi;): E,(T) ^ E,(f), 

lying over the homomorphism lnt(it;)^ : —>■ T^. This equivalence sends the object 
X = {‘K,h) to the object lnt(ri;)a; = (“'?{, w o h). The latter object is described in 
Section 13.81 

Suppose that p: x —>■ lnt(r(;)x is an isomorphism in the gerbe E(:(T). Then Int(iii) 
and the isomorphism p define an L-equivalence we call /(w, p), 


'-^7ri(E,(f),x) 




I{w,p) 


rp\ 


-A 7 ri(E<:(T),x) 


A> Gals 


A> Gals 


Explicitly, if 0: x —>■ ^x is an element of 7 ri(Ee(T), x) lying over 7 S Gals, 

I{w, p)(j) = p~^ o lnt(zi;)0 o p. 
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I{w,p)4> fits into the commutative diagram below. 


I{w, p)<p 


-A 'X 


lnt(t(;)a;-lnt(u;)^x 


On the right side of the diagram, we use the fact that 'y{w) = w, and therefore 

lnt(w)'’'a; = (Int(rc)a;) . 

Proposition 5.9. Allowing w to vary over representatives for w in 3Nl[>S'], and al¬ 
lowing p to vary over isomorphisms from x to lnt(r(;)a;, the family of L-equivalences 
I{w,p) defines an L-equivalence I(w) up to unique natural isomorphism. 

^ 7ri(E,(f),5) -» Gals 

Int(u))'^ I(w) = 

'-> 7ri(E,(f),5) -» Gals 

Proof. We first vary representatives of w. If w,w € are two representatives of 
w € 'W[S'], then the unique element t € ‘ir[S'] satisfying w = wt determines a natural 
isomorphism of functors A(t) : lnt(?lj) lnt(ri;), according to Proposition 13. 151 
If p: a; —>■ lnt(w)a: is an isomorphism, define p: x -A lnt(ri})x by p = o p, 

as in the commutative triangle below. 



> lnt(r(;)x 


Naturality of A{t) implies that the following diagram commutes. 


Int(w)x > lnt(?i))'''x 


A(t)s 


A(t)7* = ^A(t)s 


lnt(w)x > lnt(?i;)'''x 


It follows that 


I{w, p)(j) = ^p~^ o lnt('u})0 o p 

= '^p~^ o ^k{t)x o lnt(ui)(/) o A(t)j ^ o p 
= ^p~^ o lnt(u;)(/) o p = I(w, p)cj). 


Hence I{w,p) = Iiw,p)- 

Next, we consider varying the isomorphism p while keeping w fixed. Gonsider 
another isomorphism p: x —>■ lnt(ri;)x. There exists a unique G T'^ such that 
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p = po . It follows that '^p = po 7 (t^). Therefore, 

I{w, p)(j) = ^p~^ o lnt(ri;)0 o p 

= o p~^ o Int(rii)^ o poT^ 

= °{^P ^ ° lnt(zi;)0 o p) 

Therefore, r'^ defines a natural isomorphism from the L-equivalence I{w,p) to the 
L-equivalence I{w,p). 

Hence, as w and p vary, the L-equivalence I(w, p) varies by uniquely-determined 
natural isomorphism. Thus we find an L-equivalence I{w) defined uniquely up to 
unique natural isomorphism. □ 

The following lemma will allow us to study /(w, p)^ in an important special case. 

~ V 

As we work in the geometric fibre throughout, recall that = Tg, and define 
H = Jtj, Sp^Dg^n) = §pl{DQ^n)s, and T = Tj. Define $ = $s for the set of 
absolute roots. Write Lg^n = '^Q^n,s, so that 

f = Hom(rg,„,0|'), f'' =Hom(rg,„,C^). 

Lemma 5.10. Suppose that w = rp{ee~e) arises from a relative root (3, for which 
2/3 is not a root, as in Theorem 1,3.171 Then there exists a pair {p,a), with p an 
isomorphism x lnt(?i;)a: in the gerbe ySpUfDQ^, and d € H = TCg, such that 
p(a) = d. 

Proof. Since we work in the geometric fibre, there exists a splitting a G Sp^Dg^™) 
such that a is aligned with w (aligned as in Theorem 13.171) . Moreover, h: H ^ 
Spl(Dg_„) is surjective ('Defimtion ll.2l 3l implies that T T is surjective), so there 
exists a G H such that h{a) = a. 

Let p: X ^ lnt(r(;)a; be any isomorphism. We find that p: H ^ “iL satisfies 

a = h(a) = w(h{p{a)). 

There exists a unique r G T such that p{a) = r * a. From this it follows that 
tr = w{h{r * a)) = w{r^ * a) = * w{a). 

Let {ai,... ,ae} denote the roots in $ which restrict to the relative root /3. 
Define P: Of —>■ T = Hom(Lg^„,Oj ) by 

/3(w)(//) = Y[u^°‘''yK 

Since w = (orthogonal root reflections), w0(u)) = 

Theorem 13.171 gives the formula w(a) = /3(±1) * ct, where the sign is —1 if and 
only if qp and n/2 are both odd. Hence 

tr = w~^(r") * /3(±1) * cr. 

Since w(/3(±l)) = /3(±1), we have 

r" = /3(±1). 
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Let ^ G Og be an element satisfying = ±1 (the same sign as above). Here we 
use the fact that n is coprime to the characteristics of all residue fields of prime ideals 
in S'. Thus /3 (C)/t G Choose a square root i/C of C in ■ (In characteristic 
2, we have —1 = 1, and we may take C = 1 nnd = !■) 

View l3{^)/r as an automorphism of lnt(w)a; in y/§p/(!DQ „) and define 

P= (^(C)A)op, a = ^(\/C)*a. 

Then we find 

p{a) = p (^(\/C) * a) 

= ^(\/C)"^*P(o) 

r 

= ■ /3(C) • *d = d. 

□ 

The functor of gerbes E(:(G) —^ E£(T) sends z to a; and induces an L-morphism, 
'-^^i(E£ 

‘-^^i(E£ 


(G),z)-»Gals 

(T),a;)-»Gals 


In this way we view 7ri(Ee(G),z) as a subset of tti(E^('!’), x). 

Proposition 5.11. Suppose that <f): z ^ '^z is an element o/7ri(Eg(G), z) lying 
over 7 G Galg. Suppose that w = rp{ee~e) arises from a relative root /3 as in the 
previous lemma, and ehoose p: x ^ lnt(w)x and d G IKg as in that lemma. Then 

I{w,p)(j) = (j>. 

Proof. We continue to work in the geometric fibre throughout this proof. Note 
that d G H and every point of H can be expressed as f * d for some t G T. Since 
/9(d) = d, we have for all t G T, 

p{j * d) = w~^{t) * d. 

Since p intertwines h and w o h, we find that 

h{d) = w{h{p{d))) = w{h{d)). 

Now we consider an isomorphism z —>■ '’'z in the gerbe E(;(G). Such an 
isomorphism can be written as a contraction (jj = t'^ A (jjo, where (fo: x ^ '^x is an 
isomorphism in t^§pl(fDQ^n) and f^ G = Hom(yQ^„, C^). 

The object ^z is equal to where '^TC is the torsor with the same 

underlying sheaf of sets TC, and torsor structure given by 

T a = 7~^(t) * a for all a G H. 

The isomorphism viewed as a morphism of T-torsors from H io ^ H lying 
over j: T ^ T, satisfies </>o(d) = / * d for some f GT. For all t GT, 

(foir * d) = 7 ~^(t) * f * d. 
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The isomorphism </> = <^ A (/)o is therefore determined by the element 


A f A f T = 


xT 


((e(C),C-i):CeT[„]) 


Recall that j: —>■ is an isomorphism in the gerbe E®‘^(T). Since (p 

is an isomorphism in Ee(G), the following diagram commutes in E®‘^(T). 




P.0 




-A fj,t,Whit 

7 

-A 


The commutativity of this diagram is equivalent to the fact that 

AfG Ker (p: f ^ f -G A^^^ t,) . 

Note that T = Hom(yQ_„,F^) and T'^ = Hom(yQ_„,), and they are contracted 
over T[„] = Hom(yQ fj,n) via e. The map p is given by restricting homomorphisms 
from Yq^n to Yq^n- Recall that {ai,... ,ai} are the roots restricting to the given 
relative root /3. 

Since A f G Ker(p), there exist (pi G for all 1 < i < £, such that 

t^{ar) = e{(:,)-\ f{ar) = Q. 

For each y € Tg.n the simple root reflection acts by Wa^iy) = y— {(^i,y)oc(■ There¬ 
fore, for all 1 < i < £, we have 

• d*(e(0))"\ WaiU) = /• d*(0). 

Here ai{(pi) denotes the element of T^n] = Hom(yQ_„,p„) given by 

ai(C*)(y) = 

and similarly di(e(('i)) is an element of 
Hence, for all 1 < f < ^, we have 

WaAt'^ A /) = • d*(e(0))"^ /\f-ai{Q) = A /. 

As w = rifci we have w{t'^ A f) = A f. 

Now we compute 

I{w,p)(j)o{a) = [^p"^ o \nt{w)(j)o o p] (a) 

= P~^ (00 (p(a))) 

= p-^ (0o(a)) 

= p-^ 

= w{f) * a 
= w{f ) ■ /"^ * 0o(a)- 


Therefore, 


I{w,p)(j)o 


w{f) 

/ 


* 00 - 
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Since (p = t'^ A (po, we compute 

I{w,p)(p = I{w,p){t'^ A (po) 

= A I{w,p)cpo 


= w{t'^) A 


w{f) 

. f 


= V 


in . (wn 

f 


tv 


A 


* (po 


= A (pQ = (p. 


The last step follows from the identity w{t^) A w{f) = t^ A /. □ 

Remark 5.12. The notation may be difficult to follow in the above argument. In 
the contraction of torsors Aj,^ ^ Hom(a;,^x), we have 

rV A (wi * (po) = T 2 a (m 2 * (po) 
whenever A ui = A U 2 in ^ j'_ 

Theorem 5.13. For any w € the L-morphism ‘■Int(ii;): '■T —>■ '-T is natu¬ 

rally isomorphic to the L-morphism Int(uiV). 

Proof. Suppose first that w = rp{ee~e), and p is chosen as in the previous propo¬ 
sition. Then the L-morphism 

Iiw,p): 7ri(Ee(T),x) -t 7ri(Ee(T),x) 

restricts to the identity on 7ri(Eg(G), z). 

The Weyl action on (TQ)*Gali;’ is also trivial, and so we find that the L-morphism 

Llnt(d;): ^ ^ 

restricts to the identity on (Strictly speaking, '■ Int(w) is only defined up to 

natural isomorphism; but fixing p defines ^ Int(w) on the nose.) 

The semidirect product decomposition, 

Lf, _ ‘■^2 X n 

“ ((m, : u S zV) ’ 

implies that there is a unique L-morphism from '“T^ to itself which acts as the 
identity on and acts via Int(uiV) = Int(ui)V on Proposition 15.81 implies 
that 

'■Int(w) is naturally isomorphic to Int(ui^). 

Since is generated by relative root reflections (for relative roots (3 such 

that 2/3 is not a relative root), we find that '-Int(zi;) is naturally isomorphic to 
Int(?nV) for all w € □ 
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Part 2. Genuine representations 

In this part, we review basic facts about the e-genuine representations (admis¬ 
sible and autoniorphic) of covering groups G. Most of these facts are corollaries 
of previous works by many authors, consolidated and organized for convenience. 
However, a new feature of representation theory is the organization of representa¬ 
tions into pouches based on their character. As we review features of the e-genuine 
representation theory, we introduce corresponding features of L-groups. 

6. Local fields 

Let P be a local field, and let G be a quasisplit reductive group over F. Let n be 
a positive integer and let G = (G^n) be a degree n cover of G over F (Definition 
[121). Fix an injective character e: C^. 

The cover G yields a short exact sequence 

(6.1) K2(F) -a G'(F) ^ G(F). 

Define G = G{F). The Hilbert symbol provides a homomorphism Hilbn: K 2 (F') —>■ 
fin- (When F = C, the Hilbert symbol is trivial; otherwise the Hilbert symbol is 
surjective). Pushing out (16.11) via Hilb„ yields a central extension of groups 

( 6 . 2 ) fin^G^G. 

B-DI . Construction 10.3]. When F is 


As a topological group, G is described in 


nonarchimedean, G is a totally disconnected locally compact group. When F is 
archimedean, G is a real-reductive group in the sense of Harish-Chandra. When 
F = C, the Hilbert symbol is trivial, and the extension G —>■ G splits canonically. 

Let F be a maximal compact subgroup of G, and let K denote its preimage in 
G. Then F is a maximal compact subgroup of G. Define n(F) to be the set of 
equivalence classes of continuous irreducible finite-dimensional representations of 
F on complex vector spaces (the irreps of F). 

Definition 6.1. Suppose that F is nonarchimedean. An admissible representation 
of G is a pair (tt, V) where P is a complex vector space and tt: G —>■ GL{V) is a 
group homomorphism, such that 

(1) For all [x] S n(F), the (F, [x])-isotypic subspace is finite-dimensional; 

(2) As a representation of F, F = 0[^]gn(A') ^x]- 

When F is archimedean, write g for the complexified Lie algebra of G; this is 
naturally identified with the complexified Lie algebra of G. 

Definition 6.2. Suppose that F is archimedean. An admissible representation of 
G will mean an admissible (g, F)-module V. In particular, V decomposes as a 
direct sum of finite-dimensional F-isotypic representations, V = ®[^]gn(F) ^Ix] 
in the nonarchimedean case. 

In both nonarchimedean and archimedean cases, an admissible representation V 
of G is called e-genuine if for all C, & fin and all v G V, we have tt{C)v = e{() ■ v. 
Note that fin G K, so an admissible representation is e-genuine if and only if all 
of its F-isotypic components are e-genuine. Define ne(G) (or ne(G/F) in case of 
confusion) to be the set of equivalence classes of irreducible admissible e-genuine 
representations of G. 
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In the nonarchimedean case, write 'He{G) for the convolution algebra 
H.(G) = {/ G C^{G) : /(Cff) = e(C) • fig) for all ( G & G}. 

Here we fix a Haar measure on G, and convolution is given by 

[/i*/2](5)= [ fi{x) ■ f 2 ix~^g)dx. 

Jg 

As /i and /2 are “e-genuine functions,” the integrand is a well-defined function on 
G = G//x„. 

In the archimedean case, write 'He(G) for the convolution algebra of e-genuine, 
left and right AT-finite distributions on G supported on K. In both cases, we have 
a faithful functor from the category of admissible e-genuine representations of G to 
the category of (nondegenerate) 'He(G)-modules. 

6.1. Unitary, discrete series, and tempered representations. 

Definition 6.3. A unitary representation of G is a pair (tt, V), where U is a sepa¬ 
rable Hilbert space, and tt: G ^ U{V) is an action of G on U by unitary transfor¬ 
mations, such that the resulting map G x U —>■ U is continuous. 

A unitary representation (tt, V) of G is called irreducible if the only closed G- 
invariant subspaces of V are 0 and V. Write n“”'*(G) for the set of equivalence 
classes of irreducible e-genuine unitary representations of G. 

The following theo rem co mbines a few fundamental results, essentially due to 
Harish-Chandra. See |Wal8Sl | for proofs in the (more difficult) archimedean case. 

Theorem 6.4. //(tt, V) is an irreducible unitary representation of G, then the sub¬ 
space V C V of K-finite vectors inherits the structure of an irreducible admissible 
representation of G. This defines an injective function, 

nunit(Q) ^ n,(G). 

Definition 6.5. Suppose that (tt, V) is an irreducible unitary e-genuine represen¬ 
tation of G. For all vi,V 2 G V, the matrix coefficient : G —>■ C is the function 

"*1^1 .«2 (5) = {vi,T^ig)v2)- 

We say that (tt, V) is a discrete series (respectively, tempered) representation if for 
all AT-finite vectors vi,V 2 G V, 

G L^iG/Z{G)), (resp., L'^+'^{G/Z(G)) for all e > 0). 

Write ng‘®‘^(G) (respectively n*®™P(G)) for the set of equivalence classes of discrete 
series (resp. tempered) e-genuine unitary representations of G. 

In this way, we organize the irreducible admissible e-genuine representations of 
G in a nested fashion. 

nf"‘=(G) c nf“P(G) c n"“*(G) c n,(G). 

This mirrors the familiar “uncovered” case, where there are inclusions, 

ndisc(G) ^ n*®“P(G) c n™'*(G) c n(G). 
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6.2. Tori. In previous papers Wei09l | Weil5l |. we have studied the e-genuiiie rep¬ 
resentations of covers of tori over local and global fields. Here we review the main 
results over local fields. Let T be a torus over a local field and let T be a degree 
n cover of T. The resulting central extension 


^ T ^ T 


is a “Heisenberg” type group, and its irreducible representations are therefore de¬ 
termined by their central character. Let Z{T) denote the center of T. For any 
[tt] G ng(T), let Xfir] be its central character. Then we have 

X[^] GHom,(Z(f),C^), 

the set of e-genuine continuous homomorphisms. 


Theorem 6.6. The map [tt] —> X[-k\ gives a bijection ne(T) —> Home(Z(T),C^). 


Proof. A proof of this ana logue of t he Stone von-Neumann theorem can be found in 
WeiOd , Theorem 3.1] and Ada+07 . Proposition 2.2] (for the archimedean case). □ 
Let Y be the cocharacter lattice of T. Let Q be the first Brylinski-Deligne 
invariant of the cover T, and define 


Yq.u = {y eY :n ^BQ{y,y') G Z for all y' G Y}, 

as in |Wei09l ] . Write Tq^„ for the F-torus with cocharacter lattice Lg „. The in¬ 
clusion Yq^n ^ Y corresponds to an isogeny Tq_„ —^ T, and we define C'^(T) = 
Im(TQ,„(F) — >■ T(F)). Define C{T) for the preimage of C^T) in T. The group 

C{T) is called the central core of T. _ 

The following result is contained in [WeiOd Theorem 1.3]. 


Theorem 6.7. C{T) is a finite-index subgroup of Z(T). //T is split then C{T) = 
Z{f). 


Let Tg „ be the pullback of the cover T to Tg Then Tg,rt is abelian and 
C{T) = Im(Tg^„ —^ f). If [tt] G ne(T), then define Wtt G ne(Tg_„) to be the 
pullback of the central character of tt to Tg The character Wtt is called the 
central core character of [tt] . 

Definition 6.8. If [tti], [ 112 ] G n£(T), we say that [tti] and (712] belong to the same 
pouch if they share the same central core character. In other words, pouches for 
covers of tori are the fibres of the central core character map 

W: ne(T) —>■ ne(Tg_„). 


If T is split, then the pouches are singletons. The image of w is a subject for 
another paper. 

On the L-group side, note that the map Tg „ —?> T is well-aligned. Hence it 
corresponds to an L-morphism, 


^ '-f -» GalF 

'^Q,n '-^ ^'YQ,n -^ Gali? 
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Here the dual groups T'^ and Tg „ are both equal to Hom(yQ^„,C^), the homo¬ 
morphism > Tq ^ is the identity, and the above diagram is an L-isomorphism. 
Hence there is a natural bijection of Weil parameters, 

■-a;: n,(T) ^ n,(fQ,„). 

6.3. Central core character. An element g G G is called regular semisimple if 
it is semisimple and the neutral component of its centralizer Z'^{g) is a maximal 
torus in G. In this case, g is certainly an element of this maximal torus since 
it centralizes the maximal torus. Write for the locus of regular semisimple 
elements of G = G(F); this is a dense open subset of G. Define G''®® to be the 
preimage of G*'®® in G. 

Let S = Z°(G) be the neutral component of the center of G, i.e., the maximal 
torus contained in the center of G. Let S the degree n cover of S obtained by 
pulling back G. If T is any maximal torus of G, then S C T. The cocharacter 
lattice of S is naturally identified with the sublattice of Weyl-invariants in V. 
Define = Yg^n H Y^, and let Sg „ be the A-torus with cocharacter lattice 
Y^^. The inclusion ^ Y^ corresponds to an F-isogeny Sg^„ —>■ S, and we 
define 

Gt(G)=Im(SQ,„(F)^S(F)). 

Definition 6.9. The central core of G is the preimage G(G) of G^(G) in G. 

Alternatively, pulling back G yields a cover Sg^„ and a continuous map Sg^n 
S. The central core of G is the image: 

G(G) = Im (Fg,„ ^ 5 ) . 

Note that 

rg^„ C {Y^)g,n = {yi G : Hg(yi,y 2 ) G nZ for all G F^}. 

It follows that G1'(G) C Gl'(S'), and so G(G) C C{S). 

Proposition 6.10. The central core C{G) is a finite-index subgroup of Z{G). 

Proof. Suppose that g G G''®®, and let T= (g) denote the neutral component 
of its centralizer (a maximal F-torus in G). Since Y^.^ C Fg.n C Y, we find that 

G(G) c Z{f), 

by Theorem l6.7l Hence if g G G“^®® is a lift of g, then g G T, and so G(G) commutes 
with g. Since G(G) commutes with every regular semisimple element g G G“^®®, the 
density of G®'®® in G implies that G(G) C Z{G). 

Since the isogeny Sg_„ —S has degree coprime to the characteristic of F, the 
image G^(G) has finite index in S. We find a chain of subgroups of G and finite- 
index inclusions G^(G) C S C Z{G). Writing Z'^{G) for the image of Z{G) in G, 
we have G^(G) C Z'f(G) C Z(G) and therefore G^(G) has finite index in Zt(G). 
Thus G(G) has finite index in Z(G). □ 

Definition 6.11. For any [tt] G ne(G), let Wtt be the pullback of the central charac¬ 
ter of [tt] to Sg^n- The character Wtt G ne(Sg_„) is called the central core character 
of [tt]. 
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In this way, the central core character provides a map, 

a;: n,(G)n,(SQ.„). 

Observe that the map Sq^„ —>■ G is well-aligned. Therefore, it induces an L- 
morphism, 

^ '-G -» GalF 

SQ,n '-^ -» GalF 

Hence there is a natural map of Weil parameters, generalizing the case of tori, 

n,(G) ^n,(SQ,„). 


6.4. Characters and pouches. Just as we partitioned ne(T) into pouches, we 
can partition nf(G) into pouches using the character distribution (occasionally 
assuming char(F) = 0). When [tt] G ne(G), the character of [tt] is a conjugation- 
invariant distribution Tr[7r] on G. Let 0,r denote the restriction of [tt] to G''®®, i.e., 
to test functions supported in the regular locus. The following theorem in harmonic 
analysis is a result of many extensions to a deep result of Harish-Chandra. 


Theorem 6.12. 0^ coincides, after choice of Haar measure, with a smooth (real 
analytic in the archimedean case, locally constant in the nonarchimedean case) func¬ 
tion on G™®. In other words, there exists a smooth function 0^: G™® —> C such 
that for every test function f G G(1°(G'^®®) we have 

Tr[7r](/) = f Q^{x)f{x)dx. 

J Greg 


Proof. The key ide as are in the work of Harish-Chandra for semisimple groups 


at first; see |HC55| . The idea extends in a straightforward way for real-re ductive 


groups in the Harish-Chandra class (including our covering groups); see Wal88l . 
§8.4.1] for a treatment. For a large class of p-adic groups, see Clozel |Clo87) : the 
extension to covering groups require s no new ideas. In characteristic p, we refer to 
Copal Prasad’s appendix to AD04l | and the treatment of Bushnell and Henniart 
' BH96I. Corollary A. 11]. □ 


Theorem 6.13. Suppose that F has characteristic zero. 4/[ti], [ 712 ] G ng(G) and 
071-1 = 0712 7 then [tti] = [ 712 ]. In other words, the character distribution, restricted 
to the regular locus, determines the isomorphism class of a genuine irreducible rep¬ 
resentation. 


Proof. The charact er Tr[7r ] determines the equivalence class [tt] G n£(G). This 


result follows from [KnaOl . §X.l, Theorem 10.6] when F is archimedean, and from 


BZ761 Corollary 2.20] when F is nonarchimedean. In characteristic zero, it is known 
Lil2l . Corollaire 4.3.3] that the character distribution Tr[7r] is locally integrable, and 
determined by the function 0.^.: for all test functions / G Gf°{G) (not necessarily 
supported on the regular locus!). 


Tr[7r](/) = Q,,{x)f{x)dx. 

J Gres 


□ 
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Remark 6.14. If F has chara cteristic p 0, the lo cal integ rability of characters is 
an open question (see Rodier |R,od85] and Lemaire Leni04 1 for two cases where the 
characters are proven locally integrable). For this reason, in characteristic p, we do 
not know whether each equivalence class [tt] G r[e(G) is determined by 


Definition 6.15. Suppose that x € G™®, mapping to x € G"^®®. Let T = Zq(x) 
be the maximal torus centralizing x. We say that x is genuinely supportive if 
X G Z{T). Let G®’'®® denote the set of genuinely supportive elements of G’'®®. 


Proposition 6.16. If [tt] S n£(G) then 0,r is supported on G®"'®®. 

Proof. Qtt is a conjugation-invariant function on G"'®®. If a; G G"^®® and x is not 
genuinely supportive, then there exists t G T G Zg{x) and f G Pn such that 

Int(t)i = ( ■ X, and 1 ^ 

It follows that OTr(x) = &Tr(Int(t)x) = e(() ■ 0,r(i). Hence &Tr(x) = 0. □ 

For purposes of parameterization, it seems appropriate to place irreducible rep¬ 
resentations in the same “pouch” if their characters agree on a locus called the 
“regular core.” 


Definition 6.17. Suppose that x G G™®, mapping to a; G G™®. Let T = ZQ(a;). 
We say that x is in the regular core of G if i G C{T), the central core of T. Define 
Qcreg |.Q regular core of G. 

Write G®"®® for the image of G®"®® in G. Since G(f ) C Z{f), we find that 
G(G) n G™® C G®‘'®s C G®''®®. 

The following definition generalizes Definition 16.81 from tori to reductive groups. 

Definition 6.18. Suppose that [7ri],[7r2] G ne(G). We say that [tti] and [ 712 ] 
belong to the same pouch if 0,ri and 0,r2 (functions on G"'®® by Theorem 16.121) 
coincide on G®"'®®. 


Lemma 6.19. Assume that F has characteristic zero. Suppose that [tt] G n£(G). 
Then there exists g G G®*^®® such that 0-n-(g) ^ 0. 

Proof. From (ml Theoreme 4.3.2], in characteristic zero, there exists an open 
neighborhood 0 G t/ C gF in the Lie algebra of G on which the local character 
expansion of Harish-Chandra and Howe is valid: 

0^(exp(X)) = ^ co{tt) ■ po{X), for &\\X gU G g”®. 

O 

Here g*^®® denotes the regular semisimple locus. We use the fact that the cover 
G ^ G splits over an open subgroup, and any two such splittings coincide on a 
(possibly smaller) open subgroup. This allows us to interpret exp(X) as an element 
of G, when X is close to 0 G gF- 

On the other hand, for any maximal torus T C G, the subgroup G(T) is open 
of finite index in T. There are finitely many G(F)-conjugacy classes of F-rational 
maximal tori in G. It follows that for a sufficiently small open neighborhood 0 G 
U C gF, exp(G n g™®) C G®®®®. 

Hence, if 07 r(g) = 0 for all G®®®®, then we find that 00 ( 71 ) = 0 for all nilpotent 
orbits O. But this cannot occur; the character 0,r of an irreducible admissible 
representation cannot vanish in a neighborhood of the identity. □ 
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Proposition 6.20. Suppose that F has characteristic zero. If [tti] and [ 712 ] belong 
to the same pouch in n(;(G), then the central core character of [tti] equals the 
central core character of [ 712 ]. 

Proof. Fix an element g G for which O^^(g) ^0. If c € C(G), we claim 

that c ■ g G -well. Indeed, since c G C(G) and G{G) C Z{G)^ we find 

that T = Z^{g) = Zq(c ■ g). In particular, c ■ g G G"'®®. Since g G G(T) and 
c G G(G) C G(T), we find that c ■ g G G(T). Thus c ■ g G G®''®s as claimed. 

We now find that 

(c) • 0^1 (g) = 0,ri(c-g) = 0 ,r 2 (c-g) = (c) ■ 0772(ff) = (c) • 0,71 {g)- 

Hence a;.7ri(c) = w.n- 2 (c). □ 

6.5. Twisting. Let ^: G —>■ be a smooth homomorphism. Then f pulls back 
to a smooth character of G as well. When [tt] G ne(G), the twist • tt] G n(;(G) 
as well. This gives an action 

Tw: Hom(G,C'^) x n,(G) ^ n,(G). 

It is possible that [tt] = [■? • t], even if f is nontrivial. 

Definition 6 . 21 . Let G —>■ be a smooth homomorphism. We say that ^ 
is genuinely trivial if ^(g) = 1 for all g G G®''®®. We say that ^ is core-trivial if 
f(g) = 1 for all g G G®"®®. 

Proposition 6.22. Assume that F has characteristic zero. Suppose that [tt] G 
n.(G) and ^ G Hom(G,C^) is genuinely trivial. Then [tt] = [^ • t]. 

Proof. If ^( 5 ) = 1 for all g G G®®®®, then 

077(5) = 077(5) • ^(g) = 

for all 5 G G®"®® mapping to 5 G G®"®®. But 0^ and 0^.^ are supported on G®™®, 
and so we find that 0,r = 05 - 77 ■ Hence [tt] = [C • t’’] by Theorem 16.131 □ 

Proposition 6.23. Suppose that [tt] G n£(G) and G Hom(G, C^) is core-trivial. 
Then [tt] and • tt] belong to the same pouch. 

Proof. This follows almost from the definition; if ( 5 ) = 1 for all g G G®*"®® then 

077(5) = 077(5) ■ ^(5) = 05-77(5) 

for all g G G®*"®® mapping to 5 G G®*"®®. Hence [tt] and • tt] belong to the same 
pouch. □ 

On the dual group side, let Z'^ — Hom(y/y®®,C^) denote the center of the 
dual group G^. If 5 G Z'^), then one may associate a character ^ G 

Hom(G,C^). Let Z'^ = Hom(FQ^„/yQ®„,C^) denote the center of the dual group 
G^. Then restriction gives a Galois-equivariant homomorphism Z'^ — Z'^, and 
thus a homomorphism 

H\Wf,Z'') H\Wf,Z'^)- 

Twisting a '“G-valued Weil parameter by a Z'^-valued cocycle, we find a map 
'-Tw: H\yVF,Z'^) X $,(G) ^ $e(G). 

We might expect 5 G H^{Wf, Z'^) to correspond to a core-trivial character ^ G 
Hom(G, C"), if its image in H^(Wf,Z'') is trivial. 
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6.6. Langlands classification. Let B be a Borel subgroup of G, defined over F. 
Let A be a maximal i^-split torus in G, whose centralizer T is a maximal torus in 
B. Let $i7’ = <l>i;’(G, A) be the resulting set of relative roots, and <i>J the positive 
roots determined by B, and lS.p the simple positive roots ther ein. O ur treatment 
of the Langlands classification closely follows Ban and Jantzen BJ13j . who extend 
the Langlands classification to coverings of p-adic groups. 

A standard parabolic will mean an i^-parabolic subgroup of G containing B. 
If P = MN is a standard parabolic subgroup of G, write Af,m C Ap for the 
corresponding set of simple roots. Let Am be the maximal split torus contained in 
the center of M, a subgroup of A. Define = Homi^’(M, G^) <8>z R- Restriction 
of a character from M to Am extends to an identification of real vector spaces, 


=HomF(M,G„ 


= Hom(AM,Gm) I 


An inclusion of standard Levi subgroups L C M gives an inclusion Am C Ap. 
The identifications above yield R-linear maps. 


'^M- ^ *M • (Im ^ ^L- 

Write a* = Hom(A, G^) <8> R- We find an injective linear map Im'- <^*m ^ ci* 
a surjective linear map tm'- a* ^ a^. The relative Weyl group Wp = Wf(G,A) 
acts on a*, and there is a unique-up-to-scaling Wp-invariant inner product (•, •) on 
a*. 

If u = ^ 0 r G is a basic tensor, and rh G M lies over m G M, define 

exp(i/)7Ti = |^(m)|’'. 


This extends to give a homomorphism 

exp: —>■ Hom(M,R^ q). 

Elements exp(u) G Hom(M, R^p) are unramified characters of M. 

Within the real vector space a*M, define an open cone, 

(aM)+ = {v Ga*M: {v,rM{a)) > 0 for all a G Ap - Ap^m}- 

Now, fix a standard parabolic subgroup P = MN. The central extension K 2 
G' ^ G splits uniquely over N, and thus we have a canonical splitting N ^ N. 
Pulling back G to covers P and M, we find a semidirect product structure 

P = M !K N. 


The adjoint action of M on A has the same modular character Sp as the adjoint 
action of M on N. 

Suppose that (cr, FI) is an e-genuine irreducible unitary representation of M. 
Choose V G a*M, so exp(u): M — >■ R^q is an unramified character. Let H be the 
subset of F[ consisting of smooth vectors. Define 

/°“(P, cr, u) = {/: G —?> iL :/ is smooth, and 

f(nrhg) = exp{iy){rh) for all n G N,rh G M,g G G}. 

Let /(P, a, v) denote the space of A-finite vectors therein. We find that /(P, cr, v) 
is an e -genuine admissible representation of G. This is a result of Ban and Jantzen 
BJI 3 L §3] in the nonarchiniedean case, and follows from Borel and Wallach (BWOfll . 
§111.3.2] in the archimedean case. 
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Theorem 6.24 (Langlands classification). If a is an e-genuine irreducible tem¬ 
pered representation of M and v £ (aM )+7 then the admissible representation 
/(P, cr, v) has a unique irreducible quotient, which we call J(P, cr, v). This J(P, cr, v) 
is an e-genuine irreducible admissible representation of G. 

If TT is an e-genuine irreducible admissible representation of G, then there exists 
a unique triple (P, where P = MN is a standard parabolic subgroup of G, 

[a] is an equivalence class of e-genuine irreducible tempered representations of M, 
and V £ (aM)+ such that tt is equivalent to JfP,a,v). 


Proof. For coveri ng gro ups in the nonarchimedean case, this is the main result of 
Ban and Jantzen |BJ13l Theorem 1.1]. Their restrictions on the characteristic of F 
are unnecessary here as we work with covers G coming from central extensions of 
G by K 2 rather than general topological extensions. Ban and Jantzen rely on the 
uniqueness of a splitting of iV —>■ iV, whereas we can exploit the uniqueness of a 
splitting of N' —^ N in the algebraic category. 

Indeed, for the canonical splitting can: N ^ N, and every m £ M, we have 

Int(TO)~^ o cano Int(m) = can, 


since both arise fr om algebraic splittings of K 2 N' ^ N. This suffices to demon¬ 
strate that BJI.jL Lemma 2.7, Proposition 2.11] hold in arbitrary characteristic, for 
our class of covers. 

Similarly, if U CZ G IS ang umpotent subgroup, and a £ G centralizes U, then 
the canonical splitting can : U ^ U satisfies 


Int(a) o can = can. 

This suffices to demonstrate that |BJ13l Lemma 2.13] h olds in arbitrary charac¬ 
teristic, for our class of covers. Thus the main results of B.TIJI ] hold in arbitrary 
characteristic, for the nonarchimedean covering groups consi dered in this paper. 

In the archimedean case, we refer to Borel and Wallach |BWnnl. IV, Corollary 
4.6, Theorem 4.11] (based on earlier work of Harish-Chandra, Casselman, Milicic 
and Langlands). □ 

On the L-group side, a Weil parameter </> £ ^e(G) is called tempered if its image 
is bounded, i.e., if the closure of its image in '"G is compact. Recall from Section 
O that a parabolic subgroup P = MN yields an embedding of L-groups, 


<-> '-M -» GaR 

G'^ '-^ '-G -» GaR 


This arises by pushing out an embedding of L-groups, 


Z'^ <-> '-Z -^ Galp 



Zfj '- > ^Zm -^ GaR 


Within Z'fj, let be the subgroup of hyperbolic elements - those whose 

eigenvalues are positive real numbers. The following result gives a Langlands clas¬ 
sification for parameters. 
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Proposition 6.25. For all (j) S $e(G), there exists a unique triple 
where P = MN is a standard parabolic subgroup of G, (pM & is a 

tempered Weil parameter, and rj € H^(Wp, Zfj such that (j) is equivalent to 

V * f'M (the parameter obtained by twisting (pM hy rj, then including ^G). 


Proof. The proof in the uncovered setting, sketched in various sources, and treated 
thoroughly by Silberger and Zink in |SZ14 | carries over without significant changes. 

□ 


7. Spherical representations 

Now suppose that O the ring of integers in a nonarchimedean local field F, with 
residue field F^. Let G be a quasisplit reductive group over O. Let A be a maximal 
O-split torus in G, and let T be the centralizer of A; then T is a maximal O-torus 
in G. Let B = TU be an O-Borel subgroup of G containing T. For convenience, 
let E/F be an unramified extension over which T splits, and let Fr be a generator 
of Gdl{E/F) which corresponds to the geometric Frobenius automorphism over F^. 
Let Y be the cocharacter lattice of T, viewed as a Z[Fr]-module. Let X be the 
character lattice of T. Let W be the (absolute) Weyl group of G with respect to 
T. Note that is the group of cocharacters of the split torus A. 

Let G = (G^n) be a degree n cover of G over O; such covers are studied in 
Weil4bl | . The requirement that G is defined over O implies that n divides q — 1. 
This “tameness” gives an exact sequence, 

, , Hilb„ 

K2(0) -a K2 (F) -^ fin- 

Define G° = G(0) and G = G(F). Pushing out G'(F) via Hilb„, the central 
extension fin ^ G G is endowed with a splitting over the hyperspecial maximal 
compact subgroup G° C G. We view G° as a subgroup of G throughout. Similarly, 
we write T° = T(0) and T = T(F), and we find a central extension fin ^ T T 
endowed with a splitting over T°. Define W° = Nc°{T°)/T°. The inclusion 
Nc°{T°) ^ Ng(T)((! 1) yields an identification of W° with W^’^. 

Fix an injective character e: fin ^ as usual. Suppose that (tt, P) is an 
irreducible admissible e-genuine representation of G. We say that (tt, P) is spherical 
if the space of G°-fixed vectors V'^° is nonzero. Define 'n.„{G/0) to be the set of 
equivalence classes of spherical irreducible admissible e-genuine representations of 
G. 

7.1. Hecke algebras. The e-genuine spherical Hecke algebra, denoted 'He{G,G°) 
is the space of compactly supported functions /: G —^ C which satisfy 

f{Chgk 2 ) = e(C) • fig) for all C e fin,ki,k 2 GG°,gG G. 

Here, we fix the Haar measure on G for which G° has measure 1. Then 'He{G,G°) 
is a subalgebra of 'Hg(G), 

UeiG, G°) = char(G°) * HeiG) * char(G°). 

When (tt, V) is a smooth e-genuine spherical representation of G, the set 
of G°-fixed vectors forms a module over the Hecke algebra 'He(G, G°). In this way, 
n,(G/G) is identified with the set of equivalence classes of irreducible 'He(G, G°)- 
modules. 
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The support of 'HeiG, G°) is 

{g GG : f{g) ^ 0 for some / S n^iG, G°)}. 

Similarly, we may define the spherical Hecke algebra 'He{T,T°), its support, and 
the set of its irreducible modules /O). 

The support of TLeiG, G°) is a set of the form /r„G°AG°, for some subset A C G. 
The Cartan decomposition gives 

G = G°r’""G°; 


in the sense that for any choice of uniformizing parameter vc, every element of 
G can be expressed as kiy{w)k 2 for some y € In this way, the support of 

'He(G, G°) corresponds to a IT°-stable subset of We call this subset of 
the combinatorial support of 'He{G,G°). Similarly, the support of 'He{T,T°) is 
determined by its combinatorial support, a subset of 


The supports of 'He(G, G°) and ^°) given by Mcnamara [McN12l . The¬ 
orem 10.1], and by Wen Wei Li in Lil4 . §3.2]. 


Proposition 7.1. The combinatorial supports of'He{G,G°) and'H^{T,T°) coin¬ 
cide. They equal . 

From (ml Lemma 3.2.3], it is known that the Hecke algebra Tle(T, T°) is com¬ 
mutative. It is (noncanonically) isomorphic to a polynomial ring over C in r vari¬ 
ables, where r is the rank of A. The support of 'He{T,T°) is contained in the 
centralizer of T° in T (see [WeilSL §3.2]). It follows that W° = Nqo{T°)/T° acts 
on TLeiT, T°) by the rule 

fit) := fiw~^iw) for all w G W° represented hy w G NG«iT°). 

The Satake isomorphism is a ring homomorphism from the spherical Hecke al¬ 
gebra of an unramified p-adic reductive group to the corresponding Hecke algebra 
of a max imal torus. For c overin g groups, this has been considered by McNamara 
McN12| and Wen Wei Li |Li14| . 

Write 5 : T —>■ K^q for the modular character for the adjoint action of T on 
U. Suppose that / G 'He(G, G°). Define the Satake transform of /, a function 
5/:f ^C, by 

[SfKi) = S(t)-^/'^ [ f{ui)du. 

_ Ju 

From (ml Proposition 3.2.5], we have the following result. 

Theorem 7.2. The Satake transform is a ring isomorphism from 'He{G,G°) to 
ne{f,T°)^°. 

Corollary 7.3. The Hecke algebra 'He{G,G°) is a finitely-generated commutative 
C-algebra. //(tt, F) is an irreducible e-genuine spherical representation ofG, then 
V^° is one-dimensional. 


Corollary 7.4. The Satake isomorphism defines a bijection, 
n,(G/G) = Hom('H,(G,G°),C) ^ Hom(H,(f,r°)^°,C) = n,(T/G)/VF^L 
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In other words, the Satake isomorphism gives a bijection from the set of equiv¬ 
alence classes of e-genuine spherical irreps of G to the Vk^''-orbits on the set of 
equivalence classes of e-genuine spherical irreps of T. In applying the Satake iso¬ 
morphism, the action arises from the W° action on the Hecke algebra. This 
coincides with another action described below. 

For w G IF^, conjugation by w defines a homomorphism Int(?c): G -t G, 
which restricts to a homomorphism Int(r(;): T —^ T. For any representative w G 
Ng(T)(0), we find a well-aligned homomorphism of covers from T to itself, as in 
Section 12.61 



Pulling back via Int(zi;), we find a map, Int(zi;)* : ne(T'/C>) -^Il^{T/0). Explicitly, 
if (tt, F) is an e-genuine spherical irrep of T, then Int(ii;)*(7r, F) = {tt o w~^,V), 
where 

[tt o r(;“^](t) := Tr{w~^iw). 

If ui = WT for some t G T°, then 

TT o = Tr{'w~^iw) = •n{T~^w~^iwT) = 7r(r)“^[7r o ui“^](t)7r(T). 

Hence 7r(r) gives an equivalence of representations from , F) to {'kow~^ , V). 

Therefore, we find a well-defined map (independent of representative), 

Int(w)* : n^f/O) ^ n^f/O). 

This gives an action of IT^ on /O) which coincides with the action obtained 
from the IF° action on the Hecke algebra 'He(T, T°). 


8. AuTOMORPHIC REPRESENTATIONS 

Now let F be a global field, V the set of places of F, and G a quasisplit reductive 
group over F. Write Gp = G(F), Gy = G(Fu) for all v G V, and Ga = G(A), 
where A denotes the ring of adeles of F. _ 

Let G = (G^ n) be a degree n cover of G over F. We may assume (see B, 
§10.4]) that G and G' are defined over the ring Os of 5-integers in F, for some 
finite subset 5 C V. 

In this way, for every place v gV , we find a central extension of locally compact 
groups, fin ^ Gv ^ Gy, endowed with splittings G° = G„(G„) Gy for all 
V G V — S. Define Ga to be the restricted direct product of the extensions Gy, with 
respect to the compact open subgroups G° (defined at almost all places). 

fj-n ^ Ga -» Ga- 

vev 
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Pushing out via the product map ^ln —t Pn yields a central extension Ga as 

in the diagram below. 

© t,gv fJ-n ‘-^ Ga-^ Ga 


n 


i : 



Mn ‘-^ Ga-^ Ga 


As explained in B-DI . §10.4], /i„ ^ Ga Ga is a central extension of locally 


compact groups, split canonically over Gp- Write Za for the center of Ga- Then 
Gp is discrete in Ga and ZiJGp\Gi^ has finite volume with respect to a GA-invariant 
measure. 


8.1. Admissible and unitary representations. Our approach to the admis sible 

Weil5l 


and automorphic repres entations of Ga coinc ides w ith the toral case in 


4], 


based on Flath |Fla79l | and Borel-Jacquet BJ79l |. Let Agn be the finite adeles. 


Write GAfi„ for the restricted direct product of G„ with respect to the compact 
open subgroups G°, where the product is indexed by only the nonarchimedean 


places V S Vfin- Then Ga^^ is a totally disconnected locally compact group, a 
central extension as below. 


^ ^ GAfin ^ GAfi„ 

^ Vfin 


Let ATgn be an open compact subgroup of Cajj^. 

Dehne the e-genuine Hecke algebra, 

l^fln.. = {/eGr(GA„J:/((C.)- 5 )= n <C.)-/( 5 ) 

11 £ Vfin 

for all (C„) S Pn, g S GAfi„}- 

11 £ Vfin 

As in |Fla79L Example 2], the Hecke algebra is isomorphic to the tensor prod¬ 
uct of the e-genuine Hecke algebras = T~l.e{Gv) with respect to the system of 
idempotents char(G°) at almost all places. An admissible e-genuine representation 

of GAfi„ is a representation (tt, V) of GAfi„ such that 

7r((C«)5) = n e(Ci;) • 7r(g), for all (C«) G 0 fJ.n,g & GA^n, 

ll^Vfin ll€Vfin 


and which decomposes as a direct sum of irreducible representations of Agn, each 
occurring with finite multiplicity. 

The commutativity of the spherical Hecke algebras 'H(Gt,, G°) at almost all places 
implies the fa ctorizat ion of irreducible admissible representatio ns. Th e following is 
adapted from WeilSl . Proposition 4.1], and is a direct result of |Fla79l . Theorem 2]. 


Proposition 8.1. For every irreducible admissible e-genuine representation 7rgn of 
GAfi„, there exists a unique family of equivalence classes (]7ri,])i,gVti„ of irreducible 
admissible e-genuine representations of each Gy, such that Py is spherical for almost 
all V G Vgn and TTgn is isomorphic to the restricted tensor product of representations 
©iieVf with respect to some choice of nonzero spherical vectors at almost all 
places. 
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At the archimedean places v G Voo , we have Lie groups fin ^ Gv -» Gy ; for each 
such place, choose a maximal compact subgroup Ky with pullback Ky C Gy. Let 
Qy denote the complexified Lie algebra of Gy. The admissible e-genuine representa¬ 
tions of Gy (i.e. admissible e-genuine A'i,)-modules) may be identified with the 
admissible modules over „ = T-Le{Gy) - the algebra of e-genuine, left and right 


ATtj-finite distributions on Gy with support in Ky. Define 'Hoo.e = ® 




Uy 


An e-gennine admissible representation of Ga is an admissible module over the 
Hecke algebra Ha.e := ® 'Hoo,f 

A unitary representation of Ga will me an a con tinuous repre sentati on of Ga by 
unitary ope rators o n a Hilbert space. As in WeilSl . §4], following Fla79l Theorem 4] 
and Moore Moo65l Lemma 6.3], the unitary representations of Ga can be factored 
as Hilbert space tensor products of unitary representations at all places (spherical 
almost everywhere). We summarize the results in the following theorem. 


Theorem 8.2. The restricted tensor product gives a bijection between two sets: 

• the set of families ([7r„])„gV7 where [7r„] G n£(G/T'i,) for all v G V and 
[iTy] G IIe(G/Oy) for almost all v G Vnn,' 

• the set of irreducible admissible e-genuine representations of Ga- 
Similarly, in the unitary setting, we find a bijection between two sets: 

• the set of families ([7r.u])„gV) where [tti,] G n™‘*(G/Ft,) for all v G V and 
[ 7 r„] G n“'"*(G/G„) for almost all v G Vfin/ 

• the set of irreducible admissible e-genuine unitary representations of G^. 


8.2. Automorphic representations. 

Definition 8.3. An e-genuine automorphic central character (e-genuine ACC , for 
short) for Ga is a continuous homomorphism y: Za —>■ such that y is trivial on 

Ga n and the restriction of y to coincides with e. 

Proposition 8.4. Every e-genuine ACC y: .Za —> extends uniquely to a con¬ 
tinuous character GpZ^ —> which is trivial on Gp. 


Proof. Multiplication gives a surjective continuous homomorphism, 

Gp X Z^ —» GpZ^. 


Since Gp x Za is a cr-compact locally compact topological group, the open mapping 
theorem implies that the multiplication map above is an open map. Hence Za (the 
image of the open subgronp {1} x Za under multiplication) is an open snbgroup 
of GpZf^. Thus the inclusion Za ^ GpZ^ induces a topological isomorphism of 
locally compact abelian groups. 


Za Gp ■ Za 
G p n Za Gp 


The result follows immediately. 

The follo wing d efinition is lifted with slight adaptation from 
generalizes (WeilSl . Definition 4.9] 


□ 

B,T79L §4.2] (and 


Definition 8.5. A function /: Ga — >■ C is an e-genuine automorphic form if it 
satisfies the following conditions. 

(1) /(C 75 ) = e(C) • fig) for all -fGGp,C,G fin, and g G Ga- 
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(2) Pulling back, / is locally constant on GAfi„ and smooth on Gv for all v € Voo- 

(3) There is a simple element ^ <8) Coo G "Hfin.c 8) 'Hoo,e such that / * C = /• 

(4) For every y G Ga and every place v G Voo, the function G^, —>■ C, a; i-A f{x-y) 
has moderate growth. 

(5) The span of {/ * C : C £ ^fln 8) 'Hoa} is an admissible representation of Ga- 
The space of e-genuine automorphic forms will be written ATe{Gti)- 

Definition 8 .6. An e-genuine automorphic representation of Ga is an irreducible 
admissible subquotient of 8lJ^e(GA). Define ne(G/F) to be the set of equivalence 
classes (as admissible representations of Ga) of e-genuine automorphic representa¬ 
tions of Ga- 


By Schur’s Lemma, every e-genuine automorphic representation of Ga has an 
e-genuine automorphic central character. If y is an e-genuine ACC, then we also 
write X for its extension io Gp ■ ^a- If X is unitary, define L'^(Gf\Ga) to be the 
unitary representation of Ga, induced (in the sense of Blattner (bmH) from the 
unitary character y of Gp ■ Za- Let L'^™^p{Gp\Ga) be the cuspida l subspace, 
discussed for example in the work of Moeglin and Waldspurger |MW95I | . 

An automorphic representation of G with central character y is an irreducible 


unitary subrepresentation of L‘^{Gp\Ga)- An automorphic representation is called 
cuspidal if it lies within L^™^^{Gp\Ga)- Define n™‘*(G/F) to be the set of equiv¬ 
alence classes (as unitary representations of Ga) of automorphic representations 
of G with central character y. Let n™®P(G/F) be the subset consisting of cuspidal 
automorphic representations. 

From the work of Harish-Chandra, Gelfand, and Piatetski-Shapiro, see also 


MW95I . §1.2.18], the cuspidal automorphic spectrum decomposes as nicely as pos¬ 


sible. 


Proposition 8.7. Let x be a unitary e-genuine ACC. Then L^'^'^‘^p{Gp\Ga) de¬ 
composes discretely into Hilbert space direct sum of e-genuine unitary irreps, each 
with finite multiplicity. 


L^’™"P(Gf \Ga) ^ 0 


Tren^ 


TG/F) 




Part 3. Parameters for split tori 

9. A TALE OF TWO FUNCTORS 

Here we consider the simplest case in which we can give a one-to-one param¬ 
eterization of irreducible genuine representations by Weil parameters: the case of 
sharp covers of split tori over local fields. This case underlies more difficult cases 
to follow. 

Here F will denote a local field, and T a split torus over F. Fix a separable 
closure F/F. Let Y be the cocharacter lattice of T, and X the character lattice. 
We identify T = T(F) with Y ® F^-, for y G Y and u G F^, we write for 
y^uGT. Similarly, we write = A8 )for the complex dual torus; for x G X 
and z G , we write z® instead of x ® z. 

Let n be a positive integer for which pLn = {f G F^ :^"' = 1} has n elements. 
Fix an injective character e: ^ C^. 
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Let Cov„(T) be the category of covers T = (T',n) of T of degree n over F, 
as in Definition o Each such cover yields a quadratic form Q: Y ^ Z, (its first 
Brylinski-Deligne invariant) and hence a lattice Yg^n C Y. Let Cov^(T) be the full 
subcategory whose objects are those extensions (T',n) for which Y = Yg^ and 
for which Q is even-valued if n is odd. These are the sharp covers of degree n, and 
they form a Picard groupoid. 

If a: S —> T is an isomorphism of split tori, then pulling back gives an equiva¬ 
lence of Picard groupoids a* : CovJj(T) —>• Cov^(S). 


9.1. The functor of genuine characters. Suppose that T € Cov5j(T) is a sharp 
degree n cover of T over F. Let Q : Y — >■ Z be its first Brylinski-Deligne invariant. 
The sharp cover T defines a sh ort exact sequence s of loc ally compact abelian 
groups (the construction of B-D . §10.3], abelian by WeiOOl . Proposition 4.1]), 

/Tn ^ T ^ T. 


Define n(T) = Hom(T, C^) (continuous homomorphisms). Recall that 

n,(T) =Hom,(f,C^), 

the set of continuous e-genuine homomorphisms (those that restrict to e on /r„). 
Then n£(T) is a n(T)-torsor by twisting. 

A morphism /: Ti —>■ T 2 in Cov^(T) yields an isomorphism /: Tf — t T2 (an 
isomorphism of extensions of T by ^n,). The map X X ° f gives a morphism of 
n(T)-torsors from nf(T 2 ) to ne(Ti). 


Proposition 9.1. The construction above defines a contravariant additive functor 
of Picard groupoids, 

n,: Covl(T) ^Tors(n(T)). 

Proof. The only thing to check is compatibility with Baer sums. If T = Ti -j- T 2 is 
the Baer sum of two objects of CovJj(T), then the resulting extension /i„ ^ T -» T 
is the Baer sum of Ti and T 2 . litGT, then the elements of T lying over t are given 
by pairs {iuh) G Ti x T 2 lying over t, modulo the relation (ti^,t 2 ) = {iuCh) for 
all f S /in. 

If xi G ne(Ti) and X2 G ne(T 2 ), then define 

X{ii,h) = Xi(fi) • X2(t2)- 

Since both xi and X 2 are e-genuine, x{iiCfi 2 ) = x(fi)C^ 2)5 and so x descends to 
an e-genuine character of T. The map (XI 1 X 2 ) X defines a function Il£(Ti) x 
ne(T 2 ) —>■ n£(T). Checking compatibility with twisting by n(T), this defines an 
isomorphism of n(T)-torsors, 

n,(Ti) + n,(T2) A n,(Ti + f 2 ). 

This isomorphism defines an additive structure on the functor He. □ 

If a: S ^ T is an isomorphism of split tori, and T G Covf,(T), and S = a*T, 
then we find a commutative diagram of locally compact abelian groups with exact 
rows. 
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Pulling back characters gives a group isomorphism a*: n(T) —>■ n(S). Pushing 
out torsors via a* gives an equivalence of Picard groupoids, which we also write 
a*: Tors(n(T)) —Tors(n(S)). Pulling back genuine characters gives a bijection 
a n,(T) —?► ne(S). Allowing covers to vary, these bijections define a natural 
isomorphism a* : a* o IIj => 11^ o a* making the following diagram 2-commute. 


Covl(T) ^ Tors(n(T)) 

(9.1) L. L. 

Cov#,(S) Tors(n(S)) 


9.2. The functor of Weil parameters. Since T is a split torus over F, and 
Y = the L-group of T (see Section 15.411 is a central extension of locally 

compact groups, 

-A '-f ^ Gali., 

with = A 0 C^. Since T is split, the L-group is well-defined up to unique 
isomorphism, without specifying a base point in the associated gerbe. 

Define $(T) = Hom(>V_F,the abelian group of Weil parameters for T. 
Define #e(T) to be the set of Weil parameters from W_f to ^T. Then $e(T) is 
naturally a torsor for $(T). 

A morphism /: Ti —>■ T 2 in CovJj(T) is automatically a well-aligned isomor¬ 
phism. It induces an equivalence of L-groups, by Section [5.51 

T'^ '-^ ^f 2 -» Gafy 

= fy = 

T'^ '-^ ^fi -^ Gafy 

Gomposition with '■/ defines an isomorphism of $(T)-torsors, from ’■T 2 -valued 
parameters to '“T’l-valued parameters. 

Proposition 9.2. This defines a contravariant additive funetor of Picard groupoids, 

Cov 5,(T) ^ Tors($(T)). 

Proof. We have described such a functor $£, at the level of objects and morphisms. 
To check that respects the additive structure, we must see how the construction 
of the L-group behaves for the Baer sum of two covers. So consider two objects Ti 
and T 2 of CovJj(T), and write T for their Baer sum. Write Di, © 2 , X> for the second 
Brylinski-Deligne invariants of Ti, T 2 and T, respectively. The construction of the 
second Brylinski-Deligne invariant respects Baer sums, and so we find extensions 
of sheaves on fystj 

9m^ T>i ^ Y, for 7 = 1,2, 

and © = ©1 -j- © 2 . The TComfY, Sm)-torsor of splittings §pl(©) is naturally iden¬ 
tified with the contraction of the torsors §pZ(©i) and §pZ(© 2 ). This gives an 
equivalence from the gerbe of roots of SpZ(©) to the contraction of gerbes, 

Vspfm ^ 

If ^ 1 , 2:2 are base points (over some finite Galois F'/F), objects of iySpl(©i) and 
\/§pl(© 2 ) respectively, then we find a base point z = zi A Z 2 oi ^§pl{T>). 
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This defines a map, for all 7 G Gal_F 

Hom(zi,^ 7 ;i) x Hom( 22 ,^ 2 : 2 ) —Hom(z,'’'z). 

Assembling these, we find an isomorphism of extensions of Galf by T^, 

(9.2) 7 ri(E,(f), z) ^ ^i(E,(Ti), zi) + 7ri(E,(f 2 ), Z 2 ). 

Let Q, Qi, Q 2 be the first Brylinski-Deligne invariants of T, Ti, T2, respectively. 
Then Q = Qi + Q 2 - This gives an isomorphism of extensions of Gal^ by T'^, 

(9.3) (rQ)*GalF A (tqJ*G alF + (TgJ^GalF- 

Taking the Baer sums of (|9.2I1 and (|9.3I1 . we find an L-equivalence of L-groups, 

^ + Lf'2, 

This L-equivalence defines an isomorphism of $(T)-torsors, from the *-T-valued 
Weil parameters 4>e(T) to the contraction of 4>(T)-torsors ^^(Ti) + 4 >e(T 2 ). This 
defines the additive structure on the functor as required. □ 

If a: S ^ T is an isomorphism of split tori, and T G CovJ,(T), and S = a*T, 
then we find a well-aligned isomorphism. 



This defines an equivalence of L-groups, 


^ L j.-^ 



S'^ '-^ -» GalF 


The isomorphism —?> S'^ gives a group isomorphism : €>(T) —>■ ^(S). 

Composition with gives a bijection ^a: $e(T) —^ #j(S). Allowing covers to 
vary, these bijections define a natural isomorphism ^a: o =7 o making 

the following diagram 2 -commute. 


Covl(T) ^ Tors($(T)) 
(9.4) L Lv 

Covl(S) Tors($(S)) 


9.3. Th e goal. Class field theory gives a group isomorphism (the simplest case of 
Lan97l |L 


C: n(T) 44 $(T). 


Indeed, if rec: ^ is the isomorphism of class field theory (normalized 

so that a geometric Frobenius corresponds to a uniformizing parameter, in the 
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nonarchimedean case), then C is the isomorphism given by composing the sequence 
of isomorphisms, 

C: n(T) = Hom(T, ) = Hom(y (g)F^,C^) 

- 2 ^ Rom{F^,X(g)C^) 

Hom(>VF,X(8)C'') = Hom(>VF,T^) = ^(T). 

Here and later, canv: Hom(y 0 F^,C^) ^ Hom(F^,X 0 C^) is the natural 
isomorphism arising from the duality of X and Y. 

The goal for the next few sections is the construction of a natural isomorphism 
: £ o He of additive functors, which makes the following diagram of Picard 

groupoids and additive functors 2-commute. 


(9.5) 


Covl( 



Tors(n(T)) 

c 

Tors($(T)) 


Here we abuse notation slightly, and write £ not only for the isomorphism n(T) £a 
$(T), but also for the equivalence of Picard groupoids given by pushing out via £, 
Tors(n(T)) £a Tors(n($(T))). 

This pushout isomorphism £ is naturally isomorphic to the functor which sends 
an n(T)-torsor V to the $(T)-torsor with underlying set V and action given by 

(j) * V = C~^{(j)) * V for all V G V, (j) G $(T). 

In this way, viewing £ as the identity map on underlying sets, the natural isomor¬ 
phism £e will give a bijection from ne(T) to ^•^(T), for any cover T G Covl^(T). 

We will also prove that £e is compatible with pullbacks, in the following sense. 
If a: S —^ T is an isomorphism of split tori, and and T G Covl^(T), and S = q;*T, 
then £ is compatible with pullbacks in the sense that the following diagram of 
groups and isomorphisms commutes. 

n(T) $(T) 

a* Oi* 

n(s) $(s) 

We will find a commutative diagram of additive functors and natural isomor¬ 
phisms. 

a* o Co Ilg > a* o 

£ o a* o Ilg 

6i* 

■D- ^ ^ 

£ o Ilg o a* > o a* 


(9.6) 
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In other words, given an e-genuine character of a cover T, we may proceed in two 
directions: first, we may parameterize it by a '"T-valued Weil parameter, and then 
push that parameter to find a '■5-valued Weil parameter. Second, we may pull back 
the character to find an e-genuine character of the cover S, and then parameterize 
by an '■5-valued Weil parameter. The resulting '■5-valued Weil parameters will be 
the same, according to the diagram above. 

Thus Ce'. C o IIj ^ #£ will parameterize e-genuine characters by Weil param¬ 
eters, for sharp covers of split tori. Formulating Ce as a natural isomorphism of 
additive functors means that our parameterization of e-genuine representations will 
be compatible with morphisms of covers, Baer sums, twisting, and pullbacks (via 
isomorphisms of tori). The proof requires some intermediate steps, and we will 
proceed through two more functors and three natural isomorphisms, according to 
the roadmap below. 

(9-7) £ o n, rec* rec* 

10. Deligne’s construction 

Here we utilize an idea of Deligne (personal communication) which relates the 
genuine characters of one extension to splittings of a “dual” extension. This provides 
a natural isomorphism from the functor cany ollg to a functor 11^ which will be 
easier to work with later. We fully credit Deligne with the elegant idea of this 
construction, and we take responsibility for any sloppiness in exposition. 

10.1. Dual extensions. We give a very general construction here; suppose that 
J and C are locally compact abelian groups (with composition written multiplica- 
tively), and X and Y are hnite-rank free abelian groups in duality as before. There 
is a group isomorphism, 

Ext(r (g)J,C)^ Ext(J, X (g) C), 

where Ext denotes the group of isomorphism classes of extensions (of locally com¬ 
pact abelian groups). This follows from the fact that Ext distributes over finite 
direct sums. We can beef this up to an equivalence of Picard groupoids as follows: 
Let Ext(T (g) J, C) be the Picard groupoid of extensions of locally compact abelian 
groups, and E an object therein, 

C ^ E ® J. 

Tensoring with X yields an extension of locally compact abelian groups, 

X®C^X®E^X®Y®J. 

Pulling back via the canonical inclusion t: "L ^ X ®Y yields an extension 

X ®C ^ i*{x ®E) ^ J. 

Proposition 10.1. This defines an equivalence of Picard groupoids, 

Dy = £(X (g) •): Ext(T (g) J, C) ^ Ext( J, X (g) C). 

Proof. We begin by checking that the construction Dy gives a bijection on isomor¬ 
phism classes. Choosing a Z-basis {yi, ..., yr} of Y, and dual basis {xi ,..., Xr} of 
X yields group isomorphisms Ext(y ®J,C) = Ext( J, C) and Ext( J, X®C) = 

©[^iExt(J,C'). 
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The canonical map 6: % ^ X ®Y satisfies t(l) = X]i=i ® follows that 
the construction gives a commutative diagram. 

Ext(r (g) J, C) > Ext( J, X®C) 

©[^1 Ext(J, C) ©1^1 Ext( J, C). 

But the functor Dz is (naturally isomorphic to) the identity functor on the category 
Ext(J, ( 7 ). Thus the bottom row of the commutative diagram is an isomorphism, 
and so the top row is an isomorphism. 

To demonstrate that Dy is an equivalence of categories, we trace through an 
automorphism of an extension C ^ E ^ Y ® J. Such an automorphism is given 
by an element a G Hom(y (g) J,C) (a continuous homomorphism). With respect 
to the chosen basis, a = nr for some family of homomorphisms J ^ C. In 
other words, a{jy) = ■ 

li e G E lies over gY ® J, then the automorphism rja G Aut(E) is given by 

Vaie) = e- 

i 

The resulting automorphism ofAr(g)C''^Ar(g)E^A'(g)F(g)Jis characterized by 
Va,x{x®e) = (x0e) • 

i 

if X G X, and e G E lies over G Y (g) J. Thus in the pullback via l: Z Jf (g) F, 
we find that the automorphism of DyE := l*{X (g) E) is given by 

Dy7a(j) = J • 

i i 

for all j G DyE lying over j G J. 

The automorphism group of E is canonically identified with Hom(y ®J,C). The 
automorphism group of DyE is canonically identified with Hom(J, (g) C). The 
computations above demonstrate that the functor Dy coincides on automorphism 
groups with the canonical isomorphism, 

Dy = cany : Hom(F (g) J, C) © Hom( J, X ®C). 

Therefore Dy is an equivalence of Picard groupoids. Compatibility with Baer sums 
is left to the reader. □ 

The equivalence Dy depends functorially on C and J as well. For example, if 
J: Ji —>■ J2 is a homomorphism of locally compact abelian groups, then a natural 
isomorphism makes the square below 2-commute. 

Ext(F (g) J2, C) > Ext( J2, X ®C) 

(fo.f) L-. U 

Ext(F ® Ji,C) > Ext(Ji, (g) C) 

Here the vertical arrows are additive functors given by pullback via j. 

The equivalence Dy also depends functorially on F, at least for isomorphisms. 
Let a: Fi —>■ F2 be an isomorphism of finite-rank free abelian groups, and write 
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: X 2 —>■ Xi for the dual isomorphism. Then a natural isomorphism makes the 
square below 2-commute. 

Ext(F 2 ® J, C) > Ext( J, X 2 ® C) 

(10.2) .r 

Ext(Fi ® J, C) > Ext( J, Xi ® C) 

10.2. Genuine characters and splittings. Now consider an extension of locally 
compact abelian groups, 

Hyi ^^ E ^ T T, 

Pushing out via e: yields a commutative diagram 

fj,n ‘ - E -^ Y ® J 

e — 

^ e^E -^ y 0 J 

Giving an e-genuine character of E is the same, by the universal property of 
pushouts, as giving a splitting of the bottom row of this diagram. In this way, 
we find an isomorphism of Hom(y 0 J, C^)-torsors, 

(10.3) lloin^{E,C^) E^Spl{e^E). 

Applying the functor Dy = l*{X ® •) to yields an extension 

A (g) Dye^A -» J. 

A splitting of is the same as an isomorphism from e^,E to the trivial extension 
(i.e., zero object) in the Picard groupoid Ext(yG J, C^). Since Dy is an equivalence 
of Picard groupoids, it defines a bijection, 

(10.4) Dy: Spl(e*A) A Spl(Dye*A). 

Assembling (|10.3p and (jl0.4|l . we have a bijection, 

(10.5) Hom,(£;,C'') Spl(Dye*A), 

which intertwines the Hom(y G J, C ^ )-action on Home (A, C ^) with the Hom( J, X ® 
C^) action on Spl(Dye*A), the intertwining passing through the isomorphism cany. 

10.3. A natural isomorphism. If ^ T ^ T arises from a sharp cover T as 
before, then define '^T = Dye*T. This is an extension of locally compact abelian 
groups, 

X®£^ ^ ^ F^. 

Dehne 11^ (T) = Spl('^T). We have described a bijection, 

V: ne(f) = Home(f’,C'') A Spl{°f) = n°(T). 

Define n'^(T) = Hom(F^, A 0 C^), so cany: n(T) ^ n'^(T) is an isomor¬ 
phism. We find that 11^ (T) is naturally a n'^(T)-torsor. Moreover, V intertwines 
the n(T)-torsor structure on nE(T) with the n'^(T)-torsor structure on n^(T), 
via cany. 
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Putting everything together, we find the following diagram of Picard groupoids 
and additive functors, made 2-commutative by T): cany ollj 11^. 



For reference, we trace an object T G Covl^(T) through this diagram. 



Compressing the diagram down a bit, we find that V: cany olle 11^ is a 
natural isomorphism of additive functors, making the following diagram of Picard 
groupoids and additive functors 2-commute. 


( 10 . 6 ) 


Covi 



Tors(n(T)) 

cany 

Tors(n°(T)) 


Composing with rec*, and recalling that £ = rec* o cany, we have constructed a 
natural isomorphism 

(10.7) V: CoU^^iec* oU°. 

The natural isomorphism 2? is compatible with pullbacks in the following way. 
Suppose that a: S —T is an isomorphism of split tori, T G CovJj(T) and S is the 
pullback of T. The following diagram of additive functors and natural isomorphisms 
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commutes. 


( 10 . 8 ) 


o £ o n, a* o rec* oH? 


' 


Co a 

wn. 


ct* 


'Ij' 

£on 

e o a* > rec* oil 


Indeed, rec* and £ are compatible with pullback. From (110.21) . the construction 
of the “dual extension” is compatible with pullback. In particular, a induces an 
isomorphism ^a-. —?> lying over —?> S'^. 

Given an e-genuine character of T, we may proceed in two directions: first, one 
can construct a splitting of '^T, and then push via to find a splitting of ^S. 
Second, we can pull back to find an e-geiiuine character of S, and use that to 
construct a splitting of ^S. The above diagram states that the resulting splitting 
of will be the same. 


11. Weil parameters as splittings 

The natural isomorphism T ): cany ollc => 11^ relates genuine characters to 
splittings of a central extension. Here we define a natural isomorphism which 
relates Weil parameters to splittings of another central extension. 

Begin with the L-group ^ '-T' ^ GalF- Since H^{Ga,lp,C^) = 0, this 
extension splits. While there is no canonical splitting of ^T, the splitting over 
the commutator subgroup [GalFjGalir] is canonical; indeed, two splittings of '“T 
differ by an element of Hom(GalF, T'^), and such a homomorphism is trivial on 
[GalFjGalir] since T'^ is abelian. From this observation, we get an extension of 
abelian groups, 

(11.1) T'' ^ '-T/[GalF, GuIf] ^ Ge.lf . 

Let be the pullback of (imil via Wf -a Gal^ , 

rp-V ^ pX 

(A stands for abelian.) Define $^(T) = Spl('^T), viewed as a Hom(F^, T'^)-torsor. 

Proposition 11.1. Every Weil parameter (j): Wf —^ '“T descends uniquely to a 
homomorphism Wf*^ —>■ . This defines a bijection, 

A: $,(f) ^ $^(T), 

which intertwines the $(T) = Hom(WF, T''^)-torsor structure on the left with the 
Il'^(T) = Hom(F^, r'^)-torsor structure on the right, via the reciprocity isomor¬ 
phism rec* : n'^(T) ^ $(T). 

Proof. Let a: GalF ^T be any splitting and write a ': Wf —^T for its pullback 
via the canonical map Wf —GuIf- If £ ^e(T) is a Weil parameter, then both 
a' and (f are homomorphisms from Wf to '“T, and there exists a unique function 
r: Wf —>■ T'^ such that </>(w) = a{w) ■ t{w), for all w G Wf- 

Since T'^ is contained in the center of '“T, we find that r: Wf —>■ T'^ is a homo¬ 
morphism. Hence (f = a ■ t sends the commutator subgroup of Wf to the image 
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of [GaIf, GrIf] in ^T. Thus </> descends uniquely to a homomorphism —>■ ^T. 

Pulling back via the reciprocity isomorphism rec “^: ^ W|f’ yields a homo¬ 
morphism A{(j )): —>■ as claimed. This homomorphism A{4)) is a splitting 

of and the construction of A{(j)) from <j) is compatible with twisting by ^•(T) 
throughout. □ 

The construction of the L-group gives an additive functor of Picard categories, 
Cov“,(T) —?> CExt(GalF, T^) (the latter category is a Picard groupoid with one 
isomorphism class, since iJ^(GalF,T^) is trivial). The construction of from 
the (split) extension comes from another additive functor of Picard categories, 
CExt(GalF, T'^) —>■ Ext(F^, T^). Here Ext(F^, T^) is the Picard groupoid of exten¬ 
sions of locally compact abelian groups. It can be proven that every such extension 
splits. Finally we apply the additive functor of splittings Spl, 

Spl: Ext(J^^,T'') ^ Tors(Hom(F^,T^)). 

Recall that n'^(T) denotes Hom(F^,T'^). As the composition of three additive 
functors, is an additive functor, 

Covl(T) ^ Tors(n°(T)). 

The bijection (p i—>■ Aip), from the set of Weil parameters to Spl('^T’), gives a natural 
isomorphism of additive functors, A: rec* 


Tors($(T)) 

(11-2) Covl(T) ip A 

Tors(n°(T)) 



The natural isomorphism A is compatible with pullbacks in the following way. 
Suppose that a: S —>■ T is an isomorphism of split tori, T G CovJj(T) and S is the 
pullback of T. Then we hnd the L-morphism ^ccAT —>■ ^S. This descends to a 
morphism of extensions as below. 




S'^ 


-A 

''6 


F> 


F> 


In this way, a yields a bijection ^a: Spl('^T') —>■ Spl('^,S). 

The following diagram of additive functors and natural isomorphisms commutes. 


o 


^ a* o rec* 


o a* 


A 


rec* o a* 


(11.3) 
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Given a Weil parameter valued in '"T, we may proceed in two directions: first, one 
can push via '“d to find a Weil parameter valued in '"5, which descends to a splitting 
of ^S. Second, one can descend the original parameter to find a splitting of ^T, 
and then push via to find a splitting of ^S. The above diagram states that the 
resulting splitting of will be the same. 


12. Parameterization 

With (|10.7|) and (111.21) . we have now constructed additive functors and natural 
isomorphisms as below: 

£ o n, rec* on° rec* 


The real work comes here, as we define a natural isomorphism of functors 11^ 
linking the middle terms. For this, we will define isomorphisms P(T): '^T ^T, 

in the category of extensions of by T^. 

A morphism j: Ti -A T 2 in Cov5j(T) yields two morphisms in Ext(F^,T^). 

D •. Dr^ _. Drfi A •. Arfi _^ Arfi 

J ■ J 2 Jl, J ■ J2 Jl- 

We will demonstrate that our isomorphisms V are compatible with morphisms in 
Cov5 ,^(T), i.e., the following diagram commutes for all j: Ti ^ T 2 . 




A ^Ti 


V(T2) 

Arr 

J-2 - 


V(Ti) 

A^i 


This will provide a natural isomorphism of torsors 

n°(f) = Spi(°r) SpK'^f) = #^(t). 

In the work that follows, we frequently refer to extensions which are “incarnated” 
by bimultiplicative cocycles, so we fix some terminology here. Suppose that J and 
C are locally compact abelian groups. A bimultiplicative cocycle 

9: Jx J 

is a continuous function which factors through J J ^ C. (The usual 2-cocycle 
identity follows from this). Such a cocycle allows one to define a central extension 

C ^ J XeC ^ J, 

where JxqC = JxC as sets, and multiplication is given by 
(jl,ci) • (i2,C2) = (jlj2,ClC2 ■ 0 {ji,j 2 ))- 

We often write c instead of (l,c), viewing C as a subgroup of J Xg C. But we 
typically write s(j) = (j, 1), using the letter s for the section (not often a homo¬ 
morphism) from J to J xgC. 

For a bimultiplicative cocycle 0, induction gives a formula for powers. 


( 12 . 1 ) 


{jAf = 


g(g-i) 


for all j € J,g € Z>o. 
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12.1. Incarnated co vers. Suppose that T = (T',n) is a sharp cover incarnated 
by C G X 0 X as in §3]. We often utilize an ordered basis B = (?/i,..., yr) 

of Y and dual basis (a;i,..., oi X in what follows. Write C = 'Yhi ® 

with respect to this basis. Thus T' = T xg^ K 2 (as sheaves of sets on Fzar), where 
0 (7: T X T — >■ K 2 is the bimultiplicative cocycle (a map of sheaves of sets), 

0c{tl,t2) = Y[{Xz{ti),Xj{t2)YB . 

Note that the right side depends on C, but not on the choice of basis. Hence T' 
depends only on C and not on the choice of basis. 

The isomorphism class of T G Cov^ (T) is determined by the associated quadratic 
form Q{y) = C{y,y). If Co G X 'Si X, and Co{y,y) = C{y,y) for all y G T, 
define A = C — Cq, the alternating bilinear form represented by the matrix (og), 
~ ~ O' Write Tq for the degree n cover incarnated by Cq. Associated to 

A is an isomorphism '■ To T given by 





i<j 


For any element u = u^' G X S , define an automorphism j* G Aut(T) by 

ju{t, k) = K • ]^{a;j(t), Ui} j . 

From B-DI . §3], it suffices to study incarnated covers and morphisms as above. 


Proposition 12.1. The category Cov5j(T) is equivalent to its full subcategory whose 
objects are the covers incarnated by elements of X S X. Every morphism in this 
full subcategory can be expressed as the composition of a morphism (for some 
alternating form A) and an automorphism of type ju (for some u G X ® F^). 


Proof. The isomorphism classes in Cov5j(T) are in bijection with quadratic forms 
such that Y = Yq ^ and such that Q is even-valued if n is odd. Since 
every quadratic form Q'.Y^Tj can be written as Q(y) = C(y,y) for some C G 
X S X, we find that every isomorphism class contains an incarnated cover. 

The proposition now follows, since the category Cov^(T) is a groupoid, the 
isomorphisms of type lb.a link all objects within the same isomorphi sm c lass, and 
the automorphism group of each object is identified with X 0 by B; S§3]. □ 


12.2. The extension '^T. For T a sharp cover incarnated hy C G X S X, every 
ordered basis B oi Y yields a section of ^T. We describe this here, and track the 
dependence on basis and the effect of morphisms of covers. 

First, T yields an extension ^ e^T -» T, with e^T = T xg^^ and 
incarnating cocycle 

6'c.e(H,t2) = ]^Hilb^(a;i(ti),a;j(t2))‘'® • 

Hereafter we write Hilb^ = e o Hilb^: x —>■ 
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An element oi T = Y (g) can be written uniquely as uf' with m G for 
all 1 < z < r. Similarly, an element of T'^ = A 0 can be written uniquely as 
rij -zf* with Zi G for all 1 < z < r. 

To construct we first tensor with X to obtain 

X (g)C^ ^ X (g)e^f ^ X (g)Y (g) F^. 

The basis B determines a section X (SiY (Si F^ -G X (S e,r = X (S{T ^ ), 


s 


B 


nn 

0 = 1 i=i 


Xi^Vj 


n 



an element of €*T 


G A (g) e^f. 


Define a bimultiplicative cocycle 9^: {X (SY (S F^) x (A(g)y (S F^) ^ X (S , 

0 ® yXk®Vl\ _ ® b if Z — fc, 

® otherwise. 

The section Sg dehnes a group isomorphism, 

erf: {X(SY(SF^) Xg» {X (S <C^) ^ X (S e^f, 

characterized by = F' ■ s^{u^'®y^) for all 1 < z, j <r,uG F^. 

Recall that '^T = z*(A(g)e*T’), where z: Z =->■ X®Y sends 1 to Xi®yi. Define 
Ob' F^ X F^ -G' X (SC^ to be the pullback of dg via z. Thus 


0Biu,v)=e^ I 


Xj0yj 


( 12 . 2 ) 


= n^l 


i 

= ]^Hilb^(zz,p)“e^i = ]^Hilb^(zz,p)'3(J'^)" 


Pulling back ezg via z gives a group isomorphism, 

ag: AX xe^ 

characterized by asiujt'^) = ■ Sg(i.(u)) for all u G F^. 

Lemma 12.2. For all u,v G F^, we have 


Ob{u,v) = = TQ(Hilb2(u, t’)). 

In particular, Ob is independent of basis. 

Remark 12.3. If char(A) = 2, then n is odd, so rQ(±l) = 1, and one should interpret 
the lemma as Ob{u,v) = 1 since the quadratic Hilbert symbol is not defined. 
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Proof. Recall that tq: /j ,2 —t T'^ = is dual to the homomorphism Y —>■ ^Z/Z 

given by 2 / 1 —>■ n~^Q{y). Thus tq can be expressed using the basis B, 


^ q (- i ) = 11 ' 


,2-Kin Q{yi)-Xi 


Since T is a sharp cover, Y = Yq^n, and so 2Q{y) G uZ for all y G Y. If u is odd 
(in particular if char(T') = 2), this implies that Q{yi) G nZ for all 1 < * < r, and 
so 9b{u,v) = 1 = T( 3 (Hilb 2 (u, u)) as claimed. 

If n is even, then Hilb 2 (u, v) = Hilbn(tt, and so 

Hilb-(.,.)«(»> = = lHilN(«.»). if n-'Qto.) ^ Z; 

^ ^ ^ if n-iQ(j/,) e Z. 

The result follows from our previous computation of 9s{u,v) in (112.21) . □ 

Hereafter, we write simply 9 rather than Thus as gives an isomorphism in 
Ext(F><,r^), 

ctb: XgT'^ -G °f. 

The cocycle 9(u,v) = tq (Hilb 2 (u, u)) is independent of basis, but the isomorphism 
(Tg depends on the basis. 

We trace through niorphisms of extensions here. First, consider an element 
u = G X ® = Aut(T). This defines an automorphism of e^T, given by 

ju(t,z) = . 

On the other hand, for any extension E G Ext(F^,T^), u defines an automor¬ 
phism jy G Aut(iil) by 

(12.3) j,Ae)=e-n Hilb^(u, for all e £ A lying over v G F^. 

i 

In particular, the automorphism jV coincides with on the extension ^T. If 
Ei,E 2 G Ext(F^,T^), and ry: Ai —>■ i ?2 is a morphism of extensions, then 

•V -v 

3u°'n = v° Ju- 

From this, we directly obtain compatibility of ug with automorphisms. 

Proposition 12.4. The isomorphisms ag are compatible with automorphisms ju, 
i.e., the following diagram commutes. 

F^ xgT'^ 

ol 

F^ XgT'^ 

Next we consider a morphism lb,a' Tq —!> T, given by two elements Co,C G 
A 0 A with C{y,y) = Co{y,y) for all y GY. The matrix (a^) is defined by = 
Cg — CgQ, and the morphism of covers lb.a induces an isomorphism lb.a'- e*Jo 
e*T, 

LB.A{t,z) = f t,z • ]^Hilb^(xi(f),a:j(t))“6 j . 
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Write cto.r: xg —>■ ^Tq for the isomorphism defined analogously to as- 

Proposition 12.5. The isomorphisms as and fit tnto a commutative diagram. 

xgT^ °f 


F^ XgT^ °fo 

Proof. It suffices to check that the diagram commutes for elements of the form 
(m, 1) G F^ xg . Observe that the vertical map ^lb,a is the restriction of a 
homomorphism [X O is, a] '■ X O e*To -G X ® e*T, 

[X®LB.a] 


i<j 


If (u, 1) e F^ Xe T^, then 


cth(r, 1 ) = sf 1 )"^ G ^O £*t. 


Similarly, 


aoMu, 1) = Y[{uy^,ir G ^ O ^*To. 

e 

Thus we hnd 

^I'B.Aio'o^Biu, 1)) = [X (g) LB,a] 1)“^^ 


i \ i<j 

= = o-b(r, !)• 


The simplihcation of the inner product is based on the following observation: 
Xi{u^'-) = 1 unless i = £ and Xj{u'^^) = 1 unless j = I, but the product is in¬ 
dexed by only those i,j with i < j. □ 

12.3. Change of basis. If ,B' = {y'l,... ,y!^) is another ordered basis of Y, then 
we hnd another isomorphism, (jg ': F^ xg -A ^T. Consider the change of basis 
matrix (gij) G GLriflf), so that a;' = 9 ijXj and ^igijy'i = yj- For what follows, 
dehne 


(12.4) 


A _ Ji 9v b 1) -nki Jt.1 „ „ 

~ 2 ’ —CB'gkjgej, 

x{u) = Hilb^('u,M) for all u G F^. 


Proposition 12.6. Define the automorphism Jb.B' G Aut(F^ xgT'^), in the cat¬ 
egory Ext(F^,T^), 

fB,B' (U, t^)=(u,t^-l[ X{U) 
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This fits into a commutative diagram in Ext(_F'^, T^). 



)T 


Proof. There exists a unique isomorphism fis^s' making the diagram above com¬ 
mute, given by fB,B'{u,t'^) = {u,6{u)t'^), where S{u) = s^{l{u)) ■ Now 

we compute 

r 

^ 1)^S (noting that 1) e e^f = T C^) 

r 

r 

*,i=i 

by dm]) 

3 i 

j \ i / i,j j k<£ 

j 

j . Ay+Efe<« r“)a:j ^ 

] j j 

S§(c(u)) ■ 


= s 


The proposition follows immediately. 


□ 


12.4. Parameters. We begin with the same data, a degree n sharp cover T of 
a split torus T over F, incarnated by C € X 0 X, and an ordered basis B = 
(j/i, ..., i/r) of the cocharacter lattice Y. The second Brylinski-Deligne invariant of 
T is an extension Sm D -» F of sheaves on Petj and we can describe D in terms 
oiC € X0X. 

Tracing through the construction of the second Brylinski-Deligne invariant B-DI . 
§3.12], consider T'(P((r;))) for a formal parameter v. This fits into a short exact 
sequence 

K2(P((u))) T'(F((r;))) ^ T(P((t;))). 
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This extension is incarnated by the bimultiplicative cocycle 0v satisfying 

for all f,gG F((v)), 1 <i,j <r. 

Pushing out via the tame symbol d: K 2 (F((v))) s- Ki(F) = F^, and pulling 
back via Y —?> T(F((r;))), g i—>■ we find the extension F^ T)[F] Y. This 
extension is incarnated by the bimultiplicative cocycle satisfying 

dB,Diyt,yj) = d{v,vyB = 

This construction applies equally well over a finite Galois extension of F. Thus the 
basis B determines an isomorphism 

<^B,D' Y Xgg Sm — 

of extensions of sheaves of groups on Fet ■ Sharpness of T implies that D is a sheaf 
of abelian groups on fet- 

The choice of basis B gives a splitting of D: since y is a constant sheaf of 
free abelian groups, there exists a unique splitting d^'- Y —^2) which satisfies 
dB{yi) = o'B.DiyiA), for all 1 < i < r. Thus the choice of basis trivializes the 
3-Com{Y, Sm) = T-torsor Spl{'D). This trivialization, in turn, neutralizes the gerbe 
of roots ^$pl{I>) over F. Explicitly, define zb S ^$pl{T))[F] by zb = (T, hs) 
with /ig: T—>■ §pl{D) given by 

(12.5) /ig(a) = d" * dB- 

This neutralizes the pushout Ee(T), and we find an isomorphism in CExt(Galg, T'^), 

(12.6) Ag : Galg xT^ ^ Trf (E,(f), zg), 

The Baer sum with (TQ)*GalF yields an isomorphism in CExt(Galg, T^), 

(12.7) Ag: (TQ),Gllg^'-y.^^. 

Here '“T^g denotes the L-group with respect to the base point zb- Note that 
(tq )*Galg = Galg xT'^ as sets, with multiplication given by the cocycle, 

(7d72) tq (Hilb2(rec7i,rec72)). 

From (112.71) . taking the quotient by [Galg, GalF], and pulling back via F^ —>■ 
W|^ —>■ Gal^^, we find an isomorphism in Ext(F^,T^), 

( 12 . 8 ) \b: F^ XgT'^ 

where we recall that 9(u^ v) = TQ(Hilb 2 (u, v)). For what follows, it helps to describe 
Ag: F^ xg in more detail. For an element (m, 1) G F^ xg T'^, take the 

following steps: 

• Choose 7 G Wf C Galg such that rec( 7 ) = u. 

• Since zg is defined over F, Hom(zg, '’'zg) = Hom(zg, zg). Thus we have an 
element Idg,.^ G Hom(zg,^zg) C 7r®‘(Ee(T), zg). 

• We also have an element ( 7 , 1 ) G (rQ)*GalF lying over 7 G Galg. Hence 

((7,l),Idg,^) G '-f.g = (rQ)*GfoF + Tf(E,(f),zg). 

• Xb{u, 1) is the image of (( 7 , l),Idg,.Y) fo the quotient 






92 


MARTIN H. WEISSMAN 


As in ProDOsition ll2.4l the isomorphisms Ag are compatible with automorphisms 
of covers. Ifh € X^F^, then we have the resulting automorphism G Aut(T). As 
before, let jV denote the automorphism of any extension in Ext(F^, T^) associated 
to u. Since ju is well-aligned, we also get an automorphism of the L-group '“T^g, 
which descends to an automorphism of ■ 

Proposition 12.7. For all u ^ X ® F^, = ^ju, making the following diagram 

commute. 

F^ xgT'^ 

3a = "oa 

F^ XgT'^ ^Tb 

Proof. We trace the automorphism ju through the construction of '-'Z^g. It has no 
effect on (TQ)*Gali?. On the other hand, the automorphism ju corresponds to the 
automorphism of 9m ^ “P ^ Y, 

d - u{y), for all d G D lying over y €Y. 

Here and later, u G X iS) F^ = Hom(F, so uiy) G F^ . 

If s G §pl{1)), then j*(s) = u~^ * s is the pullback of s via ju. (See Section l3Hl 
for conventions on well-aligned functoriality). From this, ju gives an equivalence of 
gerbes ^/j^- ^Bpl{T>) —>■ ^§pl{T>), which sends the base point zb = (T”, hg) to 
Zg = (T, M o /ig). Here u o /ig: T —>• $pl{fD) satisfies 

(12.9) [m o/ie](a) = * dg. 

Choose any isomorphism p: zg —>■ Zg in $pl{'D)[F\. Concretely, p: T —7> T must 
be a map of T-torsors, so there exists f G T such that p(a) = t * d, for all d G T. 
Moreover, since p intertwines hg and u o hg, (112.51) and (112.91) imply that t'^ = u. 

Now, for any / G 7rf*( 1(/Spl(l)), zg) = Hom(zg,zg), define an isomorphism 
/' G 7rf*( ^§pl{T)), Zg) by the rule /'(d) = /(d) for all d G T. (Here we note that 
zg = (T, dg) and Zg = (T, d o dg), so / and /' are both given by functions from T 
to itself). Then /' is the image of /, under the equivalence of gerbes \/Ja. 

Define 

Pf G 7rf ( ^§pl{Ti), zb) = '^p~^ o /' o p G Hom(zg, ^Zg). 

Then we compute 

''/(d) = >-\/'(p(d))) = >-\/'(f . d)) = ^ * /(d). 

Pushing out via e and taking the Baer sum with (tq)*C alf, we find that /'-->'’/ 
induces an automorphism '■j/ of the extension 

^ ^ GalF, 


'~ju{f) = e 



•/• 


given by 
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for all / lying over 7 S GeIe- For ug G and 7 S Wf C GeIf, the relationship 
between the Artin symbol and Hilbert symbol gives 

= Hilb„(Mf,rec7) = Hilb„(rec7,'u^)“^ 

Hence, ^ju descends to an automorphism of the extension 

given by 

'^Ju{e) = e-l[m\ht,{v,Uir, 

i 

for all e G lying over v G F^. Hence ^ju = j'^ as dehned in (112. 3|) . □ 

Next, as in Proposition 112.51 consider two elements Co,C G X ^ X such that 
Co ( 2 /) y) = C{y, y) for all y GY. Let A = C—Cq, giving an isomorphism lb, A ■ Tq —>■ 
T of the incarnated covers. Write Dq, do.B; ^To,zo ei etc., for the analogues of 
D, c?B, ZB, using Co instead of C. 

Proposition 12.8. The homomorphism ^lb,a- -A ‘^To.zob; induced by the 

well-aligned isomorphism lb,A, fits into a commutative square. 


F^ XnT'^ 


A 


^0,B 


ZB 

‘■B.A 




0,2o,B 


Proof. The isomorphism lb,a : Tq — !► T gives an isomorphism of extensions below. 



Using the presentation of Bo and B by cocycles from Co and C, respectively, we 
find that 

LB,A{y,l)= 

\ i<3 

for all y G Y. Recall that the basis B gave splittings of Bo and B respectively, 
satisfying do{yi) = (yi,!) and d{y,) = (j/i, 1). Since LB,Aiyi,l) = we find 

that Lb,A o do = d. 

We may use lb,a to pull back splittings of B to splittings of Bq. We find that 
this map of T-torsors 

^B,A - Splfi^o) 

sends the trivialization d to the trivialization do. It follows that l^ ^ gives a functor 
of gerbes, 

l*b,a- V^plfiDo) 

which sends the base point Zb to the base point 2 ;o,B- As both are base points defined 
over F, we find that tg ^ sends the identity morphism ldB_.y € }iom(zB,'^ zb) = 
Hom(zB,ZB) to the corresponding identity morphism Ido, 8,7 G Hom(zo,B,''zo,B)- 
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It follows that sends Xb{u, 1) to Ao, b(u, 1) for all u € . The proposition 


follows. 


□ 


12.5. Change of basis. If B' = {y[,... ,y!^) is another basis, then we find from 
it another splitting ds': Y ^ D characterized by d'j^{y[) = (?/', 1). This provides 
another trivialization of the torsor SpZ(2)), and thus another object zg/ = (T, hg/) 
of 


An isomorphism t: zg —>■ Zg' in ^$pl{'D)[F\ produces an isomorphism'"6: '“Tzg —>■ 
^Tz^, in CExt(GalF,T^), and any two such isomorphisms ti,t 2 produce the same 
isomorphism = ^ 1 . 2 - It follows that there is a unique automorphism rgg/ of 
F^ Xg in the category Ext(F^,T'^), which makes the following diagram com¬ 
mute. 


F^ XgT'^ 


' A 




AX XgT 


V ' A 




Consider the change of basis matrix {gij) S GLr-iX), so that cc' = QijXj and 
T.i9ijyi = Vj- Define A^, Vf, and y as in p2.4p . 

Proposition 12.9. The automorphism rB,B' S Aut(F^ xgT^) satisfies 


Proof. Giving an isomorphism : zg —>■ zg' is the same as giving a morphism /: T —>■ 
T of T-torsors, /(a) = e-d, satisfying c?g/ = e"*dg. This condition on e is equivalent 
to the following, for all 1 < j < r. 

e(2/j)” = dB{yj)~^ ■ dB'{yj), 


= (%,!) ^ -dB' {^9^3y^ , 

i 

= 'Wiy^jy'iA) ■ (- 1 ) 


=(%, 1)-' • Effbj/:, 1 • • n(-i)' 


k<l 




k<i 


In other words, giving a morphism l: zb ^ zb' (defined over A) is the same as 
giving an element e G = X ® F^ satisfying 


3 




( 12 . 10 ) 
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Now consider an element {u, 1 ) S xg T'^. Let 7 S Wf be an element such 
that rec(7) = u, and Idg^^ G Hom(zB,'>'ze) the resulting element of 7r®*(E<;(T), zg). 
Similarly, let Idg/_-, G Hom{zB','•'zg') be the resulting element of 7rf*(Ee(T), zg/) 
The following diagram of objects and morphisms in ^§pl{D) commutes. 

Idg -y 

ZB -^-S- ^ZB = ZB 

e e 

^ re/e).Id«,,, 'I' 

ZB' - ^ ZB' = ZB' 


Here we label morphisms among zg and Zg by elements of T, since all morphisms 
are morphisms of T-torsors from T to itself. Projecting from to '^Tzg, we find 
that 

(Ag(u, 1)) = -^ • Ag/(M, 1). 

The relationship between the Artin symbol and Hilbert symbol gives 
e = Hilb^(-1, u) = Hilb^(M, u) = x(u), 

since rec( 7 ) = u. Hence equation (112.101) yields 

^6(A§(u, 1)) = A§,(w, 1) • rf ^ 

j 


The proposition follows. 


□ 


12.6. Isomorphism of functors. For each basis B of Y, and each cover T of 
T incarnated by C, we have constructed isomorphisms trg: xg ^ '^T and 

Ag: F^ Xg T'^ —>■ '^T. Here we write '^T rather than since is defined up 

to unique isomorphism by T without reference to base point. 

There exists a unique isomorphism Vb in Ext(F^, T^) which makes the following 
diagram commute. 


F^ 


:>T 


^gT^ 




Vb 


Theorem 12.10. If B and B' are two bases ofY, then Vb = Vb'■ 

Proof. Propositions 112.61 and 112.91 imply that the change of basis functions fs.B' 
and rg.g/ coincide, yielding 

'Pb' = Ag' o (7g/ 

= Ag o rg_g' o (erg o /g_g')“^ 

= Ag o rs.B'fs.B' ° CTg^ 

= Ag o (Tg^ = Vb- 
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Here we use the fact that and /b,s' not only coincide, but they have order 1 or 
2 (the character y has values in ±1). Thus rB,i3' fB,B' — Id in Aut(F^ xg T^). □ 

From this theorem, we write simply V: without reference to a ba¬ 

sis. Recall that n°(f) = Spl(°f), and $^(T) = Spl('^f). Thus V defines an 
isomorphism of n'^(T)-torsors, 

R(T); n°(T) A 

Theorem 12.11. Allowing the cover to vary, the system of isomorphisms V defines 
a natural isomorphism of additive functors, 

V: Cov«,(T) ^ Tors(n°(T)). 

Proof. It suffices to work with the full subcategory of given by the incarnated 
covers - those that arise from elements C G X X. We have constructed iso¬ 
morphisms V : n^(T) ^ $^(T) for each such incarnated cover T. For naturality, 
recall that all morphisms among incarnated covers are composites of automorphisms 
ju for u G X ^ and isomorphisms lb.a for alternating forms A G X ^ X. 

Consider first an automorphism and a fixed cover T. In the diagram below. 
Proposition 112.41 gives the commutativity of the top face and Proposition 112.71 the 
bottom face. Front and back faces commute by the definition of V. Hence the right 
face commutes. 



Next consider Co,C G X® X such that Co{y, y) = C{y, y), and let H = C — Cq. 
This gives an isomorphism lb.a : Tq —?> T. In the diagram below, Proposition 112.51 
gives commutativity of the top triangle and Proposition 112.81 the bottom. Left and 
right triangles commute by the definition of V. Hence the outer square commutes. 


Df -Va-^ 



By Proposition 1 12. Il commutativity of the previous two diagrams implies that V is 
a natural isomorphism of functors. 
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To check that P is a natural isomorphism of additive functors, we may use 
the monoidal structure on incarnated covers arising from addition of elements of 
X ^ X. In other words, if Ti is incarnated hy Ci & X ® X, and T 2 is incarnated 
hj C 2 & X ® X^ then T = Ti -j- T 2 may be identified with the cover incarnated 
by Cl + (72. Such identifications allow us to identify the following, for incarnated 
covers: 


°fi + °f2 = , ^fi + ^f2 = ^f. 

As V is defined by identifying extensions given by the same cocycle 9, we find that 
V is compatible with the additive structure of the functors II^ and □ 

The natural isomorphism V is compatible with pullbacks in the following way. 
If a: S T is an isomorphism of split tori, and T S Cov^ (T) is incarnated by 
C G X ^ X, and S is the pullback of T, then S is incarnated by the pullback of 
C. If 15 is a basis of Y, then we may pull back B to form a basis of the cocharacter 
lattice of S. We find a commutative diagram of groups and isomorphisms. 


px 



Vs 




Indeed, the definition of ere and Ae (for S and T) yields the commutativity of the 
top and bottom squares. The front and back faces commute by definitions of Vt 
and Vs, respectively. This makes the right face commute as well. 

We find a commutative diagram of additive functors and natural isomorphisms. 


( 12 . 11 ) 


a* o 

n? o a* 


^ a* o 

''a 

Of* 


This completes the chain of additive functors and natural isomorphisms, com¬ 
patible with pullbacks throughout by (110.81) . (112.111) . (|11.3I) . 

rec^T. o cany oIIe ^ > rec^T. oll^ ^ > rec^T. 0$^ < ^ 


Assembling commutative diagrams, we have proven the following result. 
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Theorem 12.12. Define C = rec^ocany and =A ^oVoV. Then Ce'. ToIIe 
is a natural isomorphism of additive functors. 



Tors(n(T)) 

c 

Tors($(T)) 


When a: S — >■ T is an isomorphism of split tori, the natural isomorphisms Cf, for 
S and T commute with pullback as in the diagram (ESI). 

This theorem gives a parameterization of genuine characters by Weil parameters, 
functorial in the (sharp) cover, and compatibly with Langlands’ parameterization 
of characters of algebraic tori over local helds. 


13. The integral case 


Now consider T, a split torus over O, the ring of integers in a nonarchiniedean 
local field F . We m ay consider the category Covl^{T/0) of sharp covers defined 
over O. By Weil4bl |. the objects of Cov„(T/(!l) are classified by pairs {Q,T>) just 
as in the case of tori over fields, and each object is isomorphic to one incarnated 
by an element C G X ^ X. The automorphism group of a cover T = (T',n) is 
naturally isomorphic to Hom(y, = X ® . 

Given a sharp cover T = (T^n) over O, write T° = T((!l), T — T(F), and 
fin ^ T ^ T for the resulting extension of locally compact abelian groups. As T 
is defined over O, this comes with a splitting a° : T° ^ T. Thus we may consider 
the set Hom(:(T'/cr°(T°), ) C Hom(:(T, C^) of T°-spherical e-genuine characters. 


13.1. Parameterization by splittings. We abbreviate 

n°(T) = U{T/0) = llom{T/T°,C^) = T'^, 

n°(f) = n,(f/c>) = Hom,(f/CT°(r°),c^). 


Then 11° (T) is a n°(T)-torsor. Write 

6° : n°(T) -A n(T) = n(T/F), 

for the inclusion of the T°-spherical characters of T into the group of all characters 
of T. There is a natural isomorphism of n(T)-torsors, 

(6°),n:(f) ^n,(f). 

We identified ne(T) with the set of splittings of an extension ^T. This works as 
well for T°-spherical characters as follows. The cover T over O yields a commutative 
diagram with exact rows, with top row split by a°. 





’ 


■’X . 

- > 

f 

-A T 
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Recalling that l: "L X was the canonical inclusion, and Dy = i,*{X ^ 
we may tensor the above diagram by X and pull back via i to form a commutative 
diagram with exact rows, again with top row split by a homomorphism we call 

“a” 

c-^ Dye*f'° ^ C 

TV c-^ Df - px 

Just as there is a natural bijection V: ne(T) —^ 11^(T) = Spl('^T), the T°- 
spherical characters correspond to those splittings from Spl('^T) which pull back 
to the splitting of the top row above. Thus define n^’°(T) to be the subset 
of splittings pulling back to The commutative diagrams above extend to a 

diagram of categories and functors below. 

Proposition 13.1. There is a natural isomorphism of additive functors, 

V°: cai4on° ^ n°’°. 

Proof. Consider the following diagram of Picard categories and additive functors. 



The bottom face is the diagram (110.611 , in which we found a natural isomorphism 

T>: cany olle ^ 11^. 

The lateral faces of the prism 2-commute by the commutative diagrams discussed 
just above. There are natural isomorphisms 

a: Co can^ on° ^ cany oH, o /d: Co n°’° ^ n° o C- 

There is a unique natural isomorphism 7?° : cany on° ^ n^’° making the following 
diagram of functors and natural isomorphisms commute. 


C o cauy on° 

v° 

C o n?’° = 


cany olle o 
V 

n? o c 


□ 
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13.2. Unramified Weil parameters. We continue to write l° : O ^ F iov the 
inclusion, and for all maps and functors resulting from this inclusion. Given a sharp 
cover T over O, and fixing e: as always, we have constructed the L-group 

T'^ ^ ^T° ^ Galo = (Fr)prof. 

This is an extension of abelian groups, defined uniquely up to unique isomorphism 
from T and e. 

The construction of the L-group is compatible with base extension from O to F 
(see, e.g., Section [3.6L and we find a commutative diagram, 

T° 

^ Lf. 

(13.1) 

^ L J.O -^ 

This identifies the complex L-group with the pullback of ^T°. As such, the top 
row is endowed with a splitting r°: Xp over the inertial subgroup of Gal^- 

The set of Weil parameters 4>e(T) = €>(;(T/U) consists of continuous homo- 
morphisms p: Wf —t lying over the canonical map >V_f —>■ Gal^. A subset is 
given by the unramified Weil parameters 4*°(T) = consisting of those 

p\ Wf —t '“T whose restriction to inertia coincides with r°. The unramified param¬ 
eters 4*°(T) are identified, in turn, with the homomorphisms Wo = (Fr) —>■ ^T° 
lying over the canonical map Wo —t Galo- The set 4'°(T) is naturally a torsor for 
€>°(T) = Hom(Wo, the set of unramified parameters for T. 

These sets of Weil parameters, $°(T) C ^•e(T) can be identified with split¬ 
tings sequences of exact sequences as follows: the canonical splitting of over 
[GalF,GalF] coincides with the splitting t ° on [GalFiGaW] HI. In this way, the 
previous commutative diagram (114.11) gives a commutative diagram, 

^ '-f/[GalF,Ge.lF] -» Gal^*’ 

'''' 

‘-> '-f° -» Galo 

Pulling back via Wff’ Gal^*’, and Wo ^ Galo, and via the reciprocity iso¬ 
morphisms recF: F^, reco: Wo ^ we obtain a commutative diagram 

of locally compact abelian groups. 



This identifies wth the pullback of ^T° via val: F^ —>■ Z. In particular, '^T 
is endowed with a canonical splitting '^A°: —>■ '^T. Recall that $^(T) denotes 

the set of splittings Spl('^T'), and define $^’°(T) to be the set of splittings of ^T°. 
Equivalently, $^’°(T) is the set of splittings in Spl('^T') which restrict to '^A° on 
. This gives an inclusion $^’°(T) ^ $^(T). 
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Proposition 13.2. There is a natural isomorphism of additive functors, 

rec^o$^’°. 

Proof. Consider the following diagram of Picard categories and additive functors. 



The proof mirrors Proposition 113.11 The bottom face 2-commutes via the natural 
isomorphism A from (111.21) . The lateral faces 2-commute by examining the com¬ 
mutative diagrams just above. This family of natural isomorphisms determines a 
natural isomorphism A° making the top face 2-commute as well. □ 

13.3. Spherical/Unramified comparison. The connection between genuine char¬ 
acters and Weil parameters was made through a sequence of three natural isomor¬ 
phisms, 


rec p o cany oil,; 


^ iec*p recj. ^ 




We have found a spherical analogue of T) and an unramified analogue of A, giving 
the following sequence of functors and natural isomorphisms, 


rec’U o cany on° 


X)° 


» Tec*c on°’° 


rec;^ o 






The natural isomorphism V: 11^ ^ arose from the full subcategory of in¬ 
carnated covers, where any basis of Y yields a pair of isomorphisms a is and Ag, 





A unique isomorphism V (independent of the choice of basis) makes this diagram 
commute; it yields a natural isomorphism from Spl('^T) to Spl(^T). 
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For sharp covers T over O incarnated by C G X 0 X, the same steps yield 
isomorphisms CTg and Ag, 




\T 


As the Hilbert symbol of order n is trivial on x (as T is defined over O, n 
is coprime to the residue characteristic), we find that xg x . In 

this way, is a splitting of °T° over , and Ag is a splitting of ^T° over . 
These coincide with the canonical splittings ^a° and '^A° described in the previous 
two sections. 

In this way, the isomorphism V sets up a bijection between those splittings of 
'^T which restrict to ^a°, and those splittings ofwhich restrict to '^A°. In other 
words, V restricts to a bijection 

Proposition 13.3. The following diagram of Picard categories and additive func¬ 
tors 2-commutes. 


Covi(T/0) 


Tors(Hom(F></C>^,r^)) 


Covl(T/F) 



Tors(Hom(P^, T^)) 


Proof. The natural isomorphism V makes the bottom face of the cylinder 2-commute, 
As V pulls back to a bijection V° from 11^’° (T) to 4>^’°(T), for any sharp cover 
T, we find a unique natural isomorphism : n^’° making the diagram 

2-commute. □ 

Assembling these propositions, we find that our parameterization makes spherical 
characters correspond to unramified parameters. We have two sequences of functors 
and natural isomorphisms, 

rec*p o cany oil,; ^ > rec*p oll^ ^ > iec*p 


rec; 


, o cany ollj 


D° 


rec 


o 


on 


D,o 


recQ o$ 


A,o 


(X 




Recall that C = rec^ocany: Hom(T,C^) —>■ Hom(>VF,T^)- Define analogously 
C° = tbCq o cauy : Hom(T /T°,C^) —>• Hom(>Vc), )• Recall that Ce = A~^ o V o 
V, and define analogously C° = oP° o 7)°. 
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Theorem 13.4. The following diagram of Picard categories and additive functors 
2-commutes, via the natural isomorphisms C° (on the top face) and (on the 
bottom face). 



This theorem gives a parameterization of spherical genuine characters of T by 
unramified Weil parameters, functorial in the choice of sharp cover, and compatible 
with the parameterization of all genuine characters by all Weil parameters. As 
in the case of local fields, one may verify that the natural isomorphisms C° are 
compatible with pullbacks, for isomorphisms of split tori S —^ T over O. 


14. Global case 

Now we consider sharp covers T of a split torus T over a global field F. The 
methods are much the same as the previous section, with the inclusion O ^ F 
replaced by the inclusion F ^ A. Thus we leave a few details to the reader, to 
adapt proofs from the previous section as needed. 

Given a sharp cover T = (T^, n) over F, write Tp = T(F) and Ta = T(A), and 
fJLn ^ Ti^ ^ for the resulting extension of locally compact abelian groups. As 
T is defined over F, this comes with a splitting ap: Tp ^ Ta. 


14.1. Parameterization by splittings. Define nA(T) = Hom(rA) ), the group 
of continuous characters, and nA,e(T) = Home(TA, C^) for the nA(T)-torsor of e- 
genuine continuous characters. To give such a character, it is equivalent to give 
gen uine ch aract ers of T „ for all places v of F, almost all of which are T°-spherical; 
Wei09l | and WeilSl . §4] for details. 


see 


We abbreviate. 


n^lT) = n(T/F) = Hom(rA/T^,C^), 
Up^e{T) = U,{f/F) = Rom,if/apiT),C^). 


Then nA’,e(T) is a nA’(T)-torsor. Write tp: nA’(T) ^ nA(T) for the inclusion of 
the automorphic characters of Ta into the group of all continuous characters of Ta. 
There is a natural isomorphism of n(T)-torsors, 

(tp), (nF,.(T)) ^ Ha,.( f). 

Define 

n^(T) = Hom(A^,T^), n^(T) = }lom{A^ / F^ ,T''), 
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SO there are natural isomorphisms 

canA,y: nA(T) —!> 11°(T), canA’,y : nA’(T) —11° (T). 


We may identify nA,e(T) with the set of splittings of an extension °rAj just as 
in the local case. Indeed, begin with the extension /in Ta -» Ta- Push out via 
e to get an extension ^ c^Ta ^ Ta- As Ta = , we may tensor with X 

and pull back via 1 X ®Y to obtain an extension, 

-A °fA ^ 


Define 11 ° ^(T) = Sp1(°Ta), a n°(T)-torsor. As in the local case, there is a 
natural bijection nA,e(T) —>■ 11° ^(T), and this is compatible with pullbacks 
to local fields. The splitting ap defines a splitting in the following commutative 
diagram. 




°fp 








The automorphic genuine characters nF_(;(T) C n(:(T) correspond to the subset 
n° |,(T) C n°j,(T) of splittings which restrict to °(Jf on . Then 11° ^(T) is a 
n° (T)-torsor. The commutative diagrams above extend to a diagram of categories 
and functors below. 

Proposition 14.1. There is a natural isomorphism of additive functors, 

'Dp: canA’,y oIIfa ^ n° g. 

Proof. Consider the following diagram of Picard categories and additive functors. 



The natural isomorphisms D and D° define a natural isomorphism Ta making 
the bottom face 2-commute. Indeed, nA,e(T) gives the set of continuous genuine 
characters of Ta - these are described in turn by families of genuine characters of 
T„ for all places, almost all of which are T°-spherical. But these are described, by 
splittings of for all places, coinciding with the splitting a° at all r°-spherical 
places. 
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As in the local integral case, the lateral faces 2-comniute, from which we find a 
unique natural isomorphism making the top face 2-commute by pulling back 
2?a- □ 


14.2. Global Weil parameters. Given a sharp cover T over F, we have con¬ 
structed the L-group, 

Galp . 

The construction of the L-group is compatible with base extension from F to Fy, 
and we find a commutative diagram for every place v of F, 


^ '-fy <-^ Gali.„ 

(14.1) 

'' 5^ -N-- 

^ '-f -^ GalF 


This identifies the L-group ^Ty with the pullback of ^T. 

The set of Weil parameters 4 >f,£(T) = ^^(T/F) consists of continuous homo- 
morphisms p: Wf —>■ ^T, lying over the canonical map Wf —>■ GalF- As in the local 
case, the cohomology iL^(GalF,T^) is trivial, yielding the (noncanonical) splitting 

of '“T. From this it follows that the L-groups split canonically over [GalF, GalF]- 

-1 

Taking the quotient '-'T/[GalF, GalF] and pulling back via A^/F^ —^ Wff’ —>■ 
Gal^ yields an extension 

T'^ -A A^/F^. 

Pulling back via Fy ^ gives a commutative diagram, 

T'^ < -^ '^fy -» F^ 

yv ,-^ Af^ -^ A^/F^ 

The local extensions ^ ^Ty Fy are endowed with splittings a° over Oy 
for almost all v. Dehne the restricted product, 

Ay _ {(tv)vGV € ■ iy € Ki^v) for almost all i;} 

Ker(0„ TV 

This fits into a commutative diagram with exact rows, 

TV c-> ^ 

TV ,-^ Ay^ -^ A^/F^ 

The construction of gives a splitting : F^ —>■ '^Ta of the top row over F^ 
Define 4 >f£(T) = SpI('^Tf); this is in natural bijection with the set $f,£(T) of 
Weil parameters for ^Tp. Analogously, define ^>a £(T) = SpI('^Ta)- Pullback yields 
an inclusion Spl('^rF) SpI('^Ta), whose image consists of splittings of '^Ta which 
restrict to the splitting ^Xp on F^. 
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Tracing through the definitions, SpI('^Ta) is in natural bijection with the set 
of families {(j)v)v€:V of Weil parameters in at every place, for which (/>„ is 

unramified almost everywhere. 

Define $f(T) to be the set of Weil parameters for T, i.e. #i?(T) = Hom(>V_F, T^). 
Define $a(T) to be the set of families {4>v)v€:V of Weil parameters in $«(T) = 
Hom(W_F„, T^), which are unramified almost everywhere. 

Proposition 14.2. There is a natural isomorphism of additive functors, 

Af ■ ^F,e recp 

Proof. Consider the following diagram of Picard categories and additive functors. 



The natural isomorphisms A and A° in the local and unramified cases yield a 
natural isomorphism .Aa which makes the bottom face 2-commute. The lateral 
faces 2-commute by the local-global compatibility of our constructions. A natural 
isomorphism Af making the top face 2-commute follows. □ 


14.3. Global comparison. Over local fields, we have found a connection between 
genuine characters and Weil parameters through a sequence of three natural iso¬ 
morphisms. 


* TT * n-D 'Pv * A X.. 

recp^ o cany olle > rec^^ ollg > 

Each term has an unramified counterpart. 


, p: * „do 

reC(3^ o cany ollg > recg,^ > rec^,^ 

Local-global compatibility gives an adelic version. 


jk I I * I I D ^ \ ~p A ^ \ _T_ 

reel o cany ollg > reel oil. , > rec! . > A'js 


We have found an automorphic version, as below. 


rec p o cany ollg > recL oil ^ reel ^ > $f < 
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To link the middle terms, it suffices as before to consider the incarnated covers, 
on which any basis of Y yields a pair of isomorphisms crA,B and Aa,b, 


°Ta 



A unique isomorphism Va makes this diagram commute, and is independent of 
basis; it yields an isomorphism from Spl(^rA) to Sp1(‘^Ta), from which we hnd the 
natural isomorphism Va ■ ^ $2 e ■ 

As the global Hilbert symbol of order n is trivial on xF^ (Hilbert reciprocity), 
we find that F^ xg = F^ x . In this way, (ta,b gives a splitting uf.b of '^T'a 
over F^ , and \a,b gives a splitting \f,b of'^T a over F^ . These coincide with the 
canonical splittings ^aF and described before. 

In this way, the isomorphism Va sets up a bijection Vf between those splittings 
of '^T’a which restrict to ^aF on F^ , and those splittings of ^Ta which restrict to 
^\f on F^ . In other words, Vf gives a bijection, 


Naturality of this bijection is the following. 

Proposition 14.3. There is a natural isomorphism of additive functors, Vf ■ e ^ 

Proof. Consider the following diagram of Picard categories and additive functors. 


Covi(T) 



/FX,T'^)) 


Cov#,(T 



Tors(Hom(A^, T'^)) 


The natural isomorphism Va makes the bottom face of the cylinder 2-commute. 
As Va pulls back to a bijection Vf from 11° ^(T) to we find a unique 

natural isomorphism Vf'- 11°^ ^Fe rnaking the diagram 2-commute. □ 
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Theorem 14.4. Define Cf = recp ocan^.r and = Ap^ o Vf o Df- This gives 
a 2-commutative diagram of Picard groupoids and additive functors. 


Tors(nF(T)) 



This theorem gives a parameterization of genuine automorphic characters of Ta 
by global Weil parameters with values with *-T, functorial in the choice of sharp 
cover, and compatible with the previous local parameterization. As in the case of 
local helds, one may verify that the natural isomorphisms are compatible with 
pullbacks, for isomorphisms of split tori S -A T over F. 

15. Split tori 

Let S be the spectrum of a local field, a global field, or the ring of integers in 
a nonarchimedean local field. Let T be a split torus over S, with character lattice 
X and cocharacter lattice Y (constant sheaves on S^t)- Let T be a degree n cover 
of T over S. Let Q: Y —>■ Z be the first Brylinski-Deligne invariant. Following 
Assumption 13.11 we assume that Q is even-valued if n is odd. But we do not 
assume T is a sharp cover here, i.e., we do not assume Y = 

We can parameterize the following sets of irreducible genuine representations. 

Local case: The cover T over a local field F yields a central extension /i„ 

T ^ T. Recall that n(:(T/F) is the set of equivalence classes of irreducible 
e-genuine admissible representations of T. 

Local integral case: The cover T over O (the ring of integers in a nonar¬ 
chimedean local field) yields a central extension pn ^ T ^ T and a split¬ 
ting T° = T{0) ^ T. Recall that YlfiY/O) is the set of equivalence classes 
of irreducible T°-spherical e-genuine representations of T. 

Global case: The cover T over a global field F yields a central extension 
fin ^ Ta Ta and a splitting Tf = T(F) ^ Ta- Recall that ne(T/F) is 
the set of equivalence classes of automorphic e-genuine representations of 
Ta. 

Let Tq „ denote the split torus over S with cocharacter lattice and define 

^Q,n ■ TQ n t T 

to be the isogeny (of tori over S) corresponding to the inclusion Yq^n Y. Pulling 
back the cover T via yields a degree n cover Tq_„ of Tq^„. Note that Tq_„ 
is a sharp cover of Tq_„. Viewing as a well-aligned homomorphism of covers 
Tg.n — t T, we find a canonical ident ificatio n of L-groups, ^T = '“Tg 
The results of this section and of |Weil5l | imply the following. 

Theorem 15.1. In all three cases above, pulling back the central character via the 
isogeny tg_„ gives a one-to-one function (bijective in the local integral case) 

n,(f/5) ^ n,(fQ,„/5) 
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Composing with the parameterization Ce, this gives a one-to-one parameterization 
(bijective in the loeal integral case) 

n,(f/5)^$,(f/5). 

In the local integral case, the parameterization is bijective. In the case of local 
fields or global fields, we would like to characterize the images of ne(T/5') —>■ 
$e(T/5') - to find the “relevant” parameters for covers of tori. But we leave such 
a characterization for a future paper. 


Part 4. Other parameterizations 

16. Spherical/Unramified parameterization 

Let G be a quasisplit reductive group over G, the ring of integers in a nonar- 
chimedean local field F. Let G = {G',n) be a degree n cover of G defined over 
O. Write G = G{F) and G° = G{0). Then we have a central extension of locally 
compact groups, 

lln ^ G ^ G, 

and a splitting G° ^ G. 

We have constructed an L-group, 

& ^^G^ Galo, 

where is a complex reductive group and Galo = (Frjprof. This L-group is well- 
defined up to L-equivalence, and the L-equivalence is uniquely determined up to 
unique natural isomorphism. 

16.1. Parameterization. Let n°(G) = Ylf_{G/0) denote the set of equivalence 
classes of e-genuine irreducible G°-spherical representations of G. Write 4>°(G) = 
€>e(G/C>) for the set of equivalence classes (i.e., G^-orbits) of unramified Weil 
parameters (j): Wo = (Fr) —>■ '“G. In five steps below, we define a bijection 

£,(G): n:(G) A$:(G). 

Thus the e-genuine irreducible spherical representations of G are parameterized 
(bijectively) by Weil parameters. 

For this parameterization, let A be a maximal G-split torus in G, and let T be 
the centralizer of A in G. Then T is a maximally split maximal torus in G. Let 
B be a Borel subgroup of G containing T. Let W be the Weyl group of the pair 
(G, T), viewed as a sheaf of finite groups on Get- Write W = W{F) and W° = W^'^. 
Let Aq „ be the G-split torus with cocharacter lattice F'q'jj. Then the inclusion 
^ ^ defines a IT°-equivariant homomorphism of G-tori Aq_„ —^ T. Let 
^Q,n be the sharp cover of Aq_„ obtained by pulling back the cover T. 


16.1.1. Satake step. From Corollarv l7.4l the Satake isomorphism S: 'He(G, G°) 
T-Le{T,T°)^ gives a bijection 


5*: n°(G) 


n:(T) 

w° 
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16.1.2. Support step. From Proposition 17.11 restriction gives a lF°-eq uivarian t iso¬ 
morphism of Hecke algebras, ^ A°q „)• See also WeilSl . §3.3] 

for a description of this Hecke algebra. This gives a bijection, 


n:(f) ^ n:(AQ,„) 
w° w° 


16.1.3. Parameterization for sharp covers of split tori. Our parameterization of 
Theorem 113.41 gives a bijection, 

£:(Aq.„): n:(AQ,„) ^ 

Each w G W° can be represented by an element w G G{0). The action of W° on 
the sets above can be untangled through the following commutative diagram with 
exact rows. 


(16.1) 


K2 

K2 

K2 


-.a; 

^,n 


Int(w) 

-)■ Int(i(;) 

* aC 

^Q,n 

, 




^ -^Q,n 

Int(iL»)~^ op 
-^ ^Q,n 

lnt{w) 

■4^ 

^ ^Q,n 


The top two rows of (116.11) give a morphism in the category of covers Cov^(Aq_„), 
Int(ii;): Aq^n -t Int(ui)*A q_„. 

The functoriality of for such morphisms gives a commutative diagram. 

£dAQ,„) 


n:(AQ,„) — 

£e(Int(bi;)) 


>Ce(Int(bi;)) 


XTO/t / \* A N -^e jxlO/t j. / A \ 

U^{lnt{w) Aq,„) -> $JInt(u;) Aq,„) 


Compatibility of Ce with pullbacks, combined with the bottom two rows of 
(116.1|) . gives a commutative diagram. 


tto/t \*X \ ■Ce(Int(ii;)*AQ,„) n 

ng(Int(r(;) Aq_„) ->• $JInt(u;) Aq^„) 


n:(AQ,„) 


Ct{A.Q,n.) 




Combining these, we find that the parameterization : n°(AQ^„) —>■ $°(Aq_„) 
is equivariant for the action of W°. This gives a bijective parameterization 


C,: 


n:(AQ,„) ^:(Aq,„) 


w° 


w° 
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16.1.4. Split and unramified parameters. The inclusion A.Q^n —>■ T is a well-aligned 
morphism of covers, giving an L-morphism. 

Hom(yQ,„,C^) = ^ '-f -» Galo 

JP 1/ — 

Hom(yFr^,CX) = ^ » Galo 


Since the inclusion Aq_„ ^ T is W° = IT^‘'-equivariant, we find that the L- 
morphism u: *-T —)> '“Aq „ satisfies 

V Int(zi;) is naturally isomorphic to Int(?i;) o v, 


for all w G IT^’’ and all repre sentativ es w G G° for w. 

The method below follows BorTfll §6] very closely; minimal changes are required. 
Giving an equivalence class of Weil parameters 4 >°(Aq^ji) is the same as giving an 
-conjugacy class of elements lying over Fr G Galo. Similarly, giving an 


^Q,n 


equivalence class of Weil parameters in $°(T) is the same as giving a T^-conjugacy 
class of elements in ‘-T lying over Fr G Galo. 

As u: '“T —>■ '“Ag n is surjective and VF^''-equivariant, we find that u gives a 
surjective map. 


u: 


^:(f) ^ ^:(Ag,„) 


If [(/)], [0'] G 4'°(T) and v{[4>\) and v{[4>']) are in the same IF^''-oribt, then there 
exist t,t' G '“T and w G represented by zi; G G°, such that (/)(Fr) = t and 
0'(Fr) = t', and v{t) = Int(?i;)(u(f')). Thus v{t) = u(Int(za)<'), and so 

t~^ ■ Int(z(;)f' G Ker(T'^ ^ ^Q,n)- 

The following sequence is exact, by the same arguments as in |Bor Zi §6.3]. 


Hom(rg.„,CX) Hom(rQ,„,CX) ^ Hom(y|_^„,). 

It follows that t~^ ■ Int('u;)<' = t / ¥i{t) for some t G T^. Hence 

Int(zi;)t' = TtT~^. 

Hence if u([>;!']) and u([</)']) are in the same IF^-orbit, then [</>] and [</)'] are in the 
same W^'^-orbit. Therefore, u gives a bijective map, 

__ ^:(f) .. ^:(Aq,„) 

ViyFi- tTFr 


16.1.5. Semisimple twisted conjugacy classes. The Weyl group IT is canonically 
isomorphic to the Weyl group of with respect to , as finite groups with Galg- 
action. In this way, any element w G corresponds to an element G (IT'^)^'^, 
which may be represented by a Galq-i nvarian t element G N'^ C G^, where 
iV^ is the normalizer of in G'^ (see |Bor79L Lemma 6.2]). From Theorem 15.131 
the L-morphism '■Int(zi;) of '“T is naturally isomorphic to the L-morphism Int(n'^). 
This gives a bijection 

^:(f) ^:(f) 

P{/Fr (7VV)FT 
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Finally, from BorTill Lemma 6.5], inclusion provides a bijection, 

(_/VV)Fr ' 

Theorem 16.1. Assembling the bijeetions in the five steps above, we have con¬ 
structed a bijeetion 

/:,(G):n:(G) A$:(G). 

16.2. Automorphic L-functions. The spherical/unramified parameterization pro¬ 
vides a definition of automorphic L-functions, almost everywhere. Let F" be a global 
field. Let V be the set of places of F, and let 5 be a finite subset of V containing all 
archimedean places. Suppose that G = (G^,n) is a de gree n c over of a quasisplit 
reductive group G over the ring of 5-integers Os (see Weillbl . §3.2] for a classifi¬ 
cation). This defines a central extension ^ Ga -» Ga, endowed with splittings 
over Gp and over G° = G(G„) for all v ^ S. 

Let TT be an e-genuine automorphic representation of Ga. Factorization yields 
e-genuine spherical irreducible representations [tt^,], for almost all nonarchmedean 
places V G V — 5. Each equivalence class (tt^] yields an equivalence class of unram- 
ihed parameters [ay] G $°(G) by our parameterization Cc{Gv) of Theorem 116.11 
Each unramified parameter yields a well-defined semisimple G^-conjugacy class 
<7i> = cr„(Fr) G ^Gy. Local-global compatibility in the construction of the L-group 
identify gy with semisimple conjugacy classes in the globally-defined L-group '“G. 

Let p: '“G —>■ GL{V) be a representation of the L-group on a finite-dimensional 
complex vector space V. Then, for almost all nonarchimedean places v (with residue 
fields of cardinality g„), we have a local L-function 

Ly{-K,p,s) = det(Idy -qy'‘p{gv)\V)~^. 

We define the automorphic L-function away from S, 


Ls{t^,P,s) = Ly{TT,p,s). 


v^S 


From the remarks of B-DI . §10.5], another choice S' of places and an G 5 /-model 
of G will yield an automorphic L-function Ls' (tt, p, s) which agrees with Lsiir, p, s) 
at almost all places. In this way the automorphic L-function is well-defined from 
TT and p, up to factors at finitely many places. In some case s, these automo rphic 
L-functions also appear in the recent work of Gan and Gao GG14 . §12.4], [Gao . 

§5]. 


Remark 16.2. Langlands’ argument (see |Bor79l §13] or [ShalOl . §2.5] for treat 


ments), together with the spectral decomposition of automorphic forms by Moeglin 
and Waldspurger |MW95l . §111.2.6], should imply the absolute convergence of Ls(7r, p, t 
in some right half-plane. The only missing ingredient at the moment is the Mac¬ 
donald formula for the sph erical fun ction. For split groups, progress h as be en made 
in the work of McNamara McN12] and the recent thesis of Fan Gao Gaol . §4.3]. 

But, as I learned from Wee Teck Gan, this is overkill - results of Tadic iTadSSl 
Theorem 2.5] imply that the Satake parameters of a unitary spherical irreducible 
representation lie in a compact subset of the space of all spherical irreducible rep¬ 
resentations (and Tadic’s argument applies just as well to covering groups); this 
in turn implies the convergence of the global L-function in some right half-plane, 
without need for the Macdonald formula. 
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17. Sharp covers of anisotropic real tori 


Let T be an anisotropic torus over R, and let T be a degree 2 sharp cover of T 
over R. Write Y = ^[C] for the cocharacter lattice, and a for complex conjugation. 
Thus a(y) = —y for all y G Y. The cover T yields an extension, 

y,2 ^ T ^ T. 

There is a natural identification of Lie groups T = 1^017(1), from which we identify 
the topological fundamental group 7ri(T) = Y. Connectedness of T implies that T 
is abelian, and that this extension is rigid; there are no nontrivial automorphisms 
of the extension T G Ext(r,/r 2 ). The extension T is determined, up to unique 
isomorphism, by an associated homomorphism k: tti{T) = L" —>■ ^Z/Z. 

The homomorphism k may be constructed via Pontrjagin duality as follows. 
The Pontrjagin dual of T, n(T) = Hom(T, t7(l)), is naturally identified with the 
character lattice X = X[C]. Write for the Pontrjagin dual of T, fitting into a 
short exact sequence 

X ^ Xf^ —» Z/2. 

The genuine characters of T are then identified with the elements of X~ = X^ — X, 

n,(f) = X- = X, - X. 

For each such genuine character x G X~, 2x G X; thus there exists a unique 
^ G ^X such that 2x = 2^. The map a: i—^ provides an embedding, equivariant for 
translation by X (i.e., for twisting by n(T)), X~ ^ ^X. As X~ is an X-torsor, 
there exists a unique k G \XjX such that 

X~ = {^ G \X : ^ = K mod X}. 

The element k G ^X/X can also be viewed as a homomorphism 

k: 7ri(r) = Y ^ iZ/Z. 

This K is the homomorphism which determines the double cover T uniquely up to 
unique isomorphism. 

The Brylinski-Deligne invariants of T consist of a quadratic form Q: X — Z and 
a Galg-equivariant extension 

^ D^Y. 

Recall that T is a sharp cover; thus Y = Yq^2 and D is commutative. For each 
y GY , write iy\ Z ^ X for the homomorphism n i—>■ n-y. We get a GalR-equivariant 
extension 

-A YyD Z, 

where a G Ga fy acts by n i—>■ —n on Z, and by complex conjugation on C^. 
Following B-d . §12.6], such GalR-equivariant extensions of Z by are classified 


up to isomorphism by elements of IZ/Z. (Brylinski and Deligne use Z /2 instead, 
but our normalization has advantages to follow). Indeed, take d G i*D lying over 
1 G Z. Then d ■ a{d) lies over 1 -|- (—1) = 0 G Z, and so da{d) G C^. Since 
da{d) = a(da{d)), we have da{d) G R^. Define r/(y) G ^Z/Z so that 

sgn(d ■ a(d)) = 

The function y is independent of choices along the way, and defines a homomorphism 

y:Y^ iZ/Z. 
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The next proposition is a direct consequence of B-DI . §12.6, Proposition 12.7]. It 
gives a practical recipe for determining the topological cover T from the Brylinski- 
Deligne invariants of T. 

Proposition 17.1. The homomorphism k: Y ^ is given by 

Kiy) = v{y) + ^Qiy) {modi). 

To see that the Brylinski-Deligne framework is sufficiently strong for work on 
Lie groups, the following may be of interest. 


Corollary 17.2. Every topological double cover p, 2 ^T 
cover T G Cov 2 (T) over R. 


T arises from a sharp 


Proof. A topological double cover T arises from a homomorphism k:Y 
Choose a basis yi,... ,yr € Y, and define a quadratic form Q: Y —>■ Z by 

Qiaiyi H-1- ctryr) = 2k(?/i)oi H-h 2K{yr)al. 

Then \Q{y) = K(y) , mo d Z. Moreover, Y = Yq ^2 for this quadratic form. By 
the classification of H, there exists a central extension K 2 T over R 

with first invariant Q and trivial second invariant. The previous proposition gives 
a unique isomorphism from T to the topological double cover associated to TL □ 
Now, we work on the side of the L-group. The dual group T'^ = = X ^ 

is endowed with the GalR-action for all G T'^. The L-group is a 

short exact sequence of complex groups, 

Ly ^ Gala. 

As K G ^XfX, we may view as an element of = A 0 fi 2 . Explicitly, 

for all y G T. 

Lemma 17.3. The lifts 7 G '“T of a G Galg form a single orbit under T'^- 
conjugation, and for any such lift 7 , 

^2 _ g27riK 


Proof. If 71,72 are two lifts of a, then 71 = 1^72 for some t'^ G T^. Since squaring 
is surjective on T'^, there exists G T'^ such that /crir'^) = ( t ^)^ = t'^. Hence 

T-V 

V / Vn—1 ' iV 

T -li-X ) =——- 71 =^ - 71 = 72 . 

cr(TV) 

It follows that 7 I = 7 ^ and the lifts of a form a single T^ orbit. Therefore, to prove 
the theorem, it suffices to prove that 7 ^ = for a single lift 7 of cr. 

Recall that ^T is the Baer sum of two extensions of Gala by T^, 

Lf =(TQ),GllR + ^f(E,(T),z). 

Let 7Q be a lift of a in the extension (rgj^GalR. In the metaGalois group 112 ^ 
GuIr ^ GalR, the square of any lift of a equals —I (since Hilb 2 (—I,—I) = —I). 
Hence we find Jq = In other words, 

y(y 2 ) ^ (_l)Q(y) = gVriQG) foj. y^y. 

Next we construct an object z of Ee(T)[C] and a lift of cr in 7 r|*(E£(T), z). Let 
T = Hom(y, C^), with GalR-action arising from y 1 — —y on Y, and complex 
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conjugation on C^. Then Spl(D) is the T-torsor of splittings of D. Choose any 
s G Spl(Z?). The GalR-action on D gives an action on splittings; we have 

= cr(s(cr(y))) = cr(s(-j/)) = a{s{y))~^ for all y GY. 

Define a map h: T ^ Spl{D) by 

h{i) = P * s. 

Then z = {T,h) G y^Spl(D) is a square root of the T-torsor Spl(T>), i.e. z is an 
object of Ee(T)[C]. Its complex conjugate is given by where 

-h(<) = P * "s. 

Choose / G Hom(z,'^z) C 7 r®*(E£(T), z). Then, as a morphism of T torsors, 
there exists f G T such that f: T ^ T satisfies /(a) = T*a for all a. The condition 
'^ho f = h implies that 

a^{y)s{y) = a^(j/)T^(y) • cr(s(j/))"^ 
for all y gY. Hence, ii y G Y and d = s{y), then 

T{y) = \Jda{d) G (for some square root). 

The square oi f G Hom(z, °'z) C 7 r®*(E(:(T), z) is the element of Hom(z, z) given 
by composing morphisms 

Z A '^Z ^ '^Pz) = z. 

As a function from T to T, we find that f^(d) = • f • a, for all d G T. In other 

words, p = '^f ■ T as an element of T[ 2 ] C T^. We compute 

y{f ) = Pt ■ T]{y) = cr(f (-1/)) • T{y) = = sgn{da{d)) = 

cry'acr(a) 

Finally, define 7 = 7Q + / G ""T. From Proposition 117.11 we find 
2 /( 7 ") = 2/(7q) • yif) = 

□ 

The Weil group of R is Wr = U the map from Wr to CalR sends 
to Id and j to a. Recall that jzj~^ = z for all z G , and = —1. A continuous 
homomorphism from to = Hom(Y,C^) has the form z 1 —>■ (zz)^^ for 

some xi,X 2 G AT C) C satisfying xi — X 2 G X. We abuse notation slightly, and write 
z^iz ^2 fQj- such a homomorphism, keeping in mind that xi — 312 € Ai is necessary 
for this expression to make sense. 

Recall that k G ^XfX — Hom(Y, ^Z/Z), and 

X-=pG^X:( = K mod X}. 

Theorem 17.4. For every Weil parameter (j): VVk —^ '“T, there exists a unique 
element ^ G X~ such that 

(j){z) = (z/z)^ := z^^(zz)“^. 


The map (j) ^ defines a hijection, 

Par(WR, Lf) 


^.(T) = 


T^ — conjugation 


X- = n,(f). 
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Proof. Giving a Weil parameter (j>: Hi is the same as giving a homomorphism 

(j){z) = for some xi,X 2 £ X (§iC, X 1 —X 2 £ X, and an element 7 = (j){j) G '-T 

lying over a £ Gala, which satisfy the following conditions: 

• 72 = </,(_!) = 

• j(j)(z)'Y~^ = (j>{z) for all z £ . 

From the previous lemma, T'^ acts transitively on the lifts of a in ^T, and all lifts 
7 satisfy 7 ^ = We find that giving a T^-orbit on Par(WR, '-T) is the same 

as giving a homomorphism (j){z) = z^^z^'^ for some xi,X 2 £ X ® xi — X 2 £ X, 
which satisfies the following conditions: 

• = g277iK. 

• (/)( 2 ) = z^^z^^ = a{(j)[z)) = z-^^z-^^. 

The second condition is equivalent to the condition cci = —X 2 ', if ^ = aii = —X 2 , 
note that 2^ = X 1 —X 2 £ X and so ^ G \X. In this case, the first condition is equiv¬ 
alent to (—1)^^ = We find that giving a T^-orbit on Par(WR, '-T) is 

the same as giving an element ^ £ ^X such that ^ = k mod X. This defines the 
bijection. □ 


18. Discrete series for covers of real semisimple groups 


18.1. Harish-Chandra classification. Suppose here that G is a semisimple 
quasisplit group over K, with Borel subgroup B containing a maximally split max¬ 
imal torus T. Let G = (G^, 2) be a double cover of G defined over R. Then we 
find a topological double cover over Lie groups, 

fj,2 ^ G ->* G. 

Remark 18.1. If, in addition, G is simply-connected and absolutely simple, then 
there is a unique up to unique isomorphism double cover G whose first Brylinski- 
Deligne invariant takes the value 1 on all short coroots. The resulting double 
cover / 1.2 ^ G -» G coincides with Deligne’s canonical central extension, after 
B-DI . Gonstruction 9.3, 10.3]. In this case, Prasad and Rapinchuk prove that G 


is the unique nontrivial 2-fold cover of G PROOl . Theorem 8.4 and §8.5]. Thus 


the framework of Brylinski-Deligne is sufficient to work with the most interesting 
nonlinear double covers of semisimple Lie groups. 

Let G° be the identity component of the Lie group G, and let G° be the identity 
component of the Lie group G. Then G° and G° are connected real semisimple Lie 
groups with finite center. The Harish-Gha ndra c lassification and the description of 
discrete series by Atiyah and Schmid (see AS77|) apply to G° and G°. 


Let IIj’^'^(G) be the set of equivalence classes of irreducible e-genuine discrete 
series representations of G. Here e: /X 2 (R) —?> P' 2 {^) is the identity map, so we often 
refer to “genuine representations” without mention of e. Any irreducible discrete 
series representation of G restricts to a finite direct sum of irreducible discrete series 
representations of G°, all with the same infinitesimal character. By Frobenius 
reciprocity, all irreducible discrete series representations of G° occur in such a 
restriction. 

The set (G) is nonempty if and only if there exists a compact Gartan 
subgroup of G°; such a compact Gartan subgroup exists if and only if there exists 
a maximal torus S C G, defined and anisotropic over M. Suppose that S is such a 
torus. 
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Let S = S(]R) and S its preimage in G. Let K he a maximal compact subgroup 
of G containing S', and K° its identity component. Write K for the preimage of K 
in G, and K° for the identity component of K. 

Consider a genuine irreducible discrete series representation (tt, V) of G; the in¬ 
finite vectors therein form an irreducible admissible (g, in)-module. As such, it has 
an infinitesimal character y;: 3 C, where 3 denotes the center of the universal 
enveloping algebra of g. The Harish-Chandra isomorphism gives an isomorphism 
of C-algebras, 

3 A C[s]^, 

where s is the complexified Lie algebra of S, and W is the Weyl group of G with 
respect to S. Let X be the cocharacter lattice of S. Then Hom(s,C) is naturally 
isomorphic to X ® C. Thus the infinitesimal character defines a map. 


inf: nf""(G) ^ 


x®c 

W — conjugation 


As S' = S(]R) = X 0 C/(l), the Pontrjagin dual of S is identified with X. The set 
of genuine characters ne(S) of S is identified with a X-coset k + X G \X. Here, 
the element 


K G 5 X/X = Hom(Y, iZ/Z) = Hom( 7 ri(S), 
determines the double cover S up to unique isomorphism. 


Theorem 18.2. Let p be the half-sum of the positive roots of G (with respect 
to some Borel subgroup containing SJ. Let Xq^ denote the regular (=nonsingular) 
locus in Xq = X0Q. The infinitesimal character provides a finite-to-one surjective 
map, 


inf: nf"'=(G) ^ 


(/c + p + x)nx-« 
W — conjugation 


Proof. This follows directly from [ASTTI . Corollary 6.13], together with our remarks 
on the restriction from G to G°. □ 

In the uncovered case, the fibres of the infinitesimal character map are precisely 
the L-packets (under our semisimplicity assumption). In what follows, we parame¬ 
terize the genuine discrete series representations by discrete series Weil parameters, 
valued in the L-group of the cover G. 


18.2. Discrete ser ies pa rameters. Our treatment here is largely based on the 
work of Langlands |Lan89L §3]. We have reproduced the structure and arguments 
of Langlands, making adaptations and additions where necessary. As before, G is 
a semisimple quasisplit group over R and G is a double cover of G over R. The 
L-group of G fits into a short exact sequence, 

G'"-A'-G ^ GalR = {1, a}. 


Recall that the dual group G^ is a pinned complex reductive group, with G^ D 
RV ^ , associated to the root datum 


A discrete series Weil parameter is a Weil parameter (p 
image is not contained in any proper parabolic subgroup '“P. 


(As 


'"G wh ose 
Lan89l |. 


parabolic subgroup of '“G is a subgroup whose intersection with G'^ is a parabolic 
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subgroup and whose projection to GeIr is surjective). Let be the set of 

equivalence classes of discrete series Weil parameters. 

Suppose that (pQ is a discrete series Weil parameter. Recall that Wr = UC^j, 
where = —1 and jzj~^ = a{z) for all z G . 


Lemma 18.3. po equivalent to a parameter (p such that p(C^) C and p{j) 
normalizes . 


Proof. The reasoning of Lan89l | based on SS7fll . §11, Theorem 5.16] demonstrates 
that p{C^) C G'^ is contained in a maximal torus which is normalized by (/)(Wr). 
Replacing phy a. G'^-conjugate parameter if necessary, we may assume that p(C^) C 
and P(Wr) normalizes T'^. □ 

Let (/) be a discrete series Weil parameter, with </>(C^) C and 7 = p{j) 
normalizing T'^. Then conjugation by 7 is a C-algebraic automorphism of T'^, and 
so it arises from 

7: Lq,„. 


Lemma 18.4. For all y G Yq ^, 7 ( 2 /) = —y. Equivalently, for all t'^ G , 

7tV^-i = (tV)-i. 

Proof. Since = —1, 7 acts as an automorphism of order 2 of Yq ^- Thus to 
demonstrate that 7 acts as —1 on Yq ^, it suffices to demonstrate that 7 has no 
fixed points in Tg^n G Q- 

If A S ® Q and 7 A = A, then define P^ to be the parabolic subgroup of G^ 
containg T'^, whose roots are those cY G for which 


d(A) > 0. 

The conjugation action of 7 —>■ Aut(G^) stabilizes indeed, it stabilizes 
and the set of roots of P'^. Hence the group '“P generated by P'^ and 7 is a parabolic 
subgroup of '“G. This contradicts the assumption that p is a discrete series Weil 
parameter. □ 

Now we find that the discrete series Weil parameter p, with p(C^ ) C T'^, satisfies 

p{z)=z^^z^^ G f'^, 

for some xi,X 2 G AQ_„(g)C satisfying X 1 —X 2 G ^Q,n- Since jzj~^ = z, the previous 
lemma implies 

= P{z) = 'yp{z)y-'^ = Piz)-^ = 


Hence X2 = —xi. Since xi — X2 G Aq „, we find that 2 xi G X. Defining ^ = xi S 
^Xg^n, we find that 

p(z) = (z/z)^ = arg(z)^^ for some ^ G ^^Q,n- 
In particular, we find 

7 ^ = P(f) = P(-l) = 

Lemma 18.5. The element ^ G ^Xq^n regular. In particular, the centralizer of 
p(C^) is the torus T'^. 
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Proof. This proof follows Bor79L §10.5]. If f were singular, then the centralizer of 
0(C^) would contain a nontrivial semisimple subgroup C normalized by 7 . 
But then Int( 7 ), as an involution of H'^, would fix (pointwise) a nontrivial torus S'^ 
in H'^. Thus Im((/)) would be contained in the centralizer of 5'^, which is contained 
in a proper parabolic subgroup of G^, a contradiction. □ 


Proposition 18.6. Every discrete series Weil parameter for G is equivalent to a 
discrete series Weil parameter (f> satisfying (f>{z) = {z/z)^ S T'^ and cj){j) = 7 S ^G, 
where ^ and 7 satisfy the following conditions. 

(1) f is regular. 

( 2 ) 7 lies over a and 7 ^ = 

(3) 7 t'^ 7 “^ = {t'^)~^ for all t'^ G T'^. 

This gives a bijection, from the set of equivalence classes of discrete series Weil 
parameters to the set of N'^-orbits on the set of pairs (^, 7 ) satisfying (1), 

(2), (3) above. 


Proof. The previous lemmata demonstrate that every discrete series Weil parameter 
for G is equivalent to a parameter (j){z) = (z/z)^, = 7 , with f and 7 satisfying 

the conditions above. What remains is to trace through equivalence of parameters. 

If (j)o is a discrete series Weil parameter for G, then there exists g^ £ such 
that lat{g'^)(j)[j{z) £ for all z £ . Moreover, the regularity of f in the previous 

lemma implies that g"^ is uniquely determined up to iV^. 

Hence, to understand the G^-orbits on it suffices to verify that JV^ 

acts on the set of pairs (^, 7 ) satisfying (I), (2), and (3). If ^ G ^Xg^n is regular, 
and G JV^, then Int(n^)^ G ^Xg n is regular, so (1) is stable under the action of 
JV'^. If 7 G ""G lies over a £ GalR, and 7 ^ = then Int(n '^)7 lies over a £ Galg 

and 

(Int(n'') 7)2 = Int(n '')72 = Int(n^)e^"« = . 

Hence (I) and (2) are stable under the action of JV'^. Finally, if 7 t^ 7 “^ = (t'^}~^ 
for all t'^ £ T'^, then 

Int(n ^)7 • t^ ■ Int(n'^) 7 -i = Int(n'') (7 (Int(n'^)-H'^) 7 -^) = 

Hence (1), (2), and (3) are stable under the action of N'^. □ 

Now we examine a pair (^, 7 ) satisfying the conditions (1), (2), (3) of the above 
proposition. Recall that the L-group '“G is constructed as 

(C,C-' 

Here Z'^ is the center of G'^ and '-Z fits into a short exact sequence 

^ ^ GalR . 

In this way, '“T can be viewed as a subgroup of '“G, 

Lf T'' 

~ (C,C-' 

Hence 7 = for some G G^ and some ( £^Z lying over a £ GuIr. 
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Lemma 18.7. For any pair (^, 7 ) satisfying conditions (1), (2), (3), we have 7 = 
for some f and n'^ £ &. The element n'^ is contained in N'^, the 

normalizer of T'^, and represents a a-fixed involution w'^ £ W'^. This involution 
acts on Yq^n by w'^ (y) = -cr{y). 


Proof. Conjugation by f and conjugation by 7 = stabilize T^. Hence conju¬ 
gation by • 7 = stabilizes T^. Thus £ N'^, the normalizer of in G'^. 
Write w'^ for the associated element of the Weyl group W'^ = N'^/T'^. 

For all t^ £ T^, we compute 

= 7t^7-^ = Cn^ • t'^ ■ 

= cn\-i-av^-c(n^)-'r' 


Hence w'^ = —a as automorphisms of Fq^„. It follows that a o w'^ = w'^ o a, and 
w'^ £ (W^)'^ is a Galois-fixed element of the Weyl group. 

Note that 7 ^ = ■ Hence 

= (( ■ ■ n'^ = ('^a{n'^)n'^ = </)(—!) G T^. 


Since £ T'^, we find that £ T'^ too. Since '^w'^ = w'^, we find that w'^ is 

an involution in W'^. □ 

The function (^, 7 ) i-A- ^ descends to a function 


inf: 




W — conjugation 


Proposition 18.8. The fibres of the function inf have cardinality zero or one. 


Proof. We demonstrate that, if (^, 71 ) and (^, 72 ) are two pairs (with the same 
f) satisfying the conditions (1), (2), (3), then there exists t'^ £ T^ such that 
72 = Indeed, there exist )C 2)^2 such that 

7i=CiUi, l2=C,2nf. 

The elements n\ and nf represent the same element £ IF^ by the previous 
Lemma. Thus there exists s^ £ T^ such that nf = nfs'^ . The elements ('i 5 C 2 G 
lie over cr G Gal*, and so there exists z'^ £ Z'^ satisfying Qi = (f\z'^. We have 

VV /-VVV /-V VV /-V 
7l5 Z 2 : = (^\Z -riiS = C2^2 =l2’ 

Since squaring is surjective on T^, let t'^ £ T^ be such that {t'^)~‘^ = s'^z'^. The 
previous Lemma describes the action of on T'^, yielding 

J-V J.V/- V/'J.V\ —1 /■ V (Tw'^ ,V 2 V V 

i 7iii ) =i CiUi(t ) = CiUi • i Y ) =7i(t ) = 7is z =72- 

□ 

To understand the image of inf, we must understand which pairs (^, 7 ) may 
occur. 


Lemma 18.9. Suppose that there exists w'^ £ such that w'^ acts on Y via —a. 
Suppose that ^ is a regular element of Let p be the half-sum of the positive 

roots of G with respect to T. Then ^ occurs in the image of inf if and only if there 
exists f £^Z lying over a £ GaljR such that 

(18.1) e^^^^ = e^^^P ■ 
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Proof. For one direction, suppose that (^, 7 ) satisfies conditions (1), (2), and (3). 
Condition (2) states that 7 ^ = We also know that 7 = (nP for some 

and vP G N'^ representing . Hence 


(18.2) =7^ = (Cn '^)2 = 

The co mputation of follows from a combinatorial lemma of Langlands, 

[Lan89l Lemma 3.2]. 


= e^”P. 


(18.3) 

To compare to Lan89l | . our nP corresponds to Langlands’ a, our p corresponds to 


Langlands’ S, and our assumption that G is semisimple implies that Langlands’ 
/i^(a) equals 1. Langlands’ Lemma (118.31) and (|18.2I) imply that (|18.1|) holds. 

Conversely, suppose that that ^ G ^^Q,n is regular and (|18.1|) holds for some 
( G ^Z lying over tr. Define 7 = (n'^, where G N'^ represents w'^ G W'^ 
(acting by —a on Y). Suppose ^ and ( satisfy (|18.1I) . Define a discrete series Weil 
parameter (j) by setting 

(j){z) = (z/z)^, = 7 . 


To see that </> defines a discrete series Weil parameter, it suffices to show that 
7 ^ = (—1)^^ and ■j4){z)"/~^ = 4>{z). These follow from (|18.1|1 and the fact that 
represents the appropriate involution w'^ in W'^. □ 


Remark 18.10. If G Z'p, then we find 

s'^ =n'^s'^{n'^)-^ ='^{s'^)-\ 
since w'^ acts on by 1 —>■ '^(<^)“^. Hence 

(CS^)2 ^^ 2 ^ 

It follows that if (118.I|) holds for some f G ^Z lying over a, then (118.11) holds for 
all C G '-Z lying over a. 


The previous lemma reduces the study of discrete series Weil parameters to the 
study of for f G ‘~Z. This can be related, in turn, to the L-group of an anisotropic 
maximal torus in G. The follo wing lem ma guarantees the existence of such a torus, 
and is essentially the same as |Lan89l Lemma 3.1] 

Lemma 18.11. If there exists a discrete series Weil parameter (j) G $g”’'’(G), then 
there exists a maximal ^-torus S C G which is anisotropic, i.e., S = S(]R) is 
compact. 


Proof. Let w G be the CalR-fixed element of W corresponding to w'^ above. 
Then w'^ acts on Y as —a, since Y contains Ig,™ as a finite-index subgroup. Since 
w = and = 1, we find an element 

[t]] G H^{Ga\R,W), ?7^(Id) = l,r?^(cr) =w. 

Since we assum e G is quasisplit, a result of Raghunathan RagOll ] (proven earlier 
by Gille CilOli ]) implies that rj occurs as the “type” of a maximal R-torus S C G. 

The character lattice of S is isomorphic to Y, but with the Galois action twisted 
by the cocycle ij 

crsiy) = w{a{y)). 

But w = —a on Y and so w{a{y)) = —y. Therefore as has no fixed points in Y, 
and so S is anisotropic. □ 
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Now fix such an anisotropic maximal R-torus S C G. We elaborate on the 
connection between S and the cr-fixed involution in W here. Since all maximal tori 
are conjugate over C, there exists g G Gc = G(C) such that Int(( 7 )S = T. Since S 
and T are defined over R, we find that Int('^ 5 )S = T as well. Define w = °'g ■ g~^. 
Then we find that Int(ii;)T = T, and so w G Ng(T)(C). 

Write Ys for the cocharacter lattice of S, so Int( 5 ): —>■ T is an isomorphism 

of groups. If w represents w G W, then the following diagram commutes. 




Ys 


Int(g) 


> Y 


Int(g) 


> Y 


Since S is anisotropic, a: Yg —> is multiplication by —1. Hence Int(g)“^or(;o(To 
Int(( 7 ) = — Id, as automorphisms of Y, and so w = —a as an automorphism of Y. 
Therefore = w and w G Since G is quasisplit, the GalR-fixed element w 

can be represented by a GalR-fixed element of Ng(T)(C). Hence we may assume, 
without loss of generality, that 

'^w = w = '^g ■ g~^ G G(R). 

Since '^w • ih = 1 and '^w = w, we find that = 1 and = 1. Note that 
w G corresponds to G W'^ discussed earlier. 

The inner automorphism Int( 5 ): Gc —^ Gc lifts canonically to an automorphism 
Int(( 7 ): Gc —>■ Gc (central extensions of Gc by K 2 on the big Zariski site over C). 
Writing S' and for the pullbacks of G^ and extending scalars to C, we find a 
commutative diagram of sheaves of groups on Czar with exact rows. 



From the diagram (118.4p . the first Brylinski-Degline invariant of is the qua¬ 
dratic form 

Qs{y) = Q(Int(g)y) for all y G Ys- 

We abbreviate Y** = Yq_„ and Y^ = Ys^Qs ,2 in what follows. Then Int(g) restricts 
to an isomorphism from yJ to YK 

Write T = T[C] = Hom(Yt*,C^), and similarly S = Hom(Yj,C^). The underly¬ 
ing groups of T and S are the same as those of and 5^, but the GalR-actions are 
different: in T and S, we consider as a GalR-module by complex conjugation, 
while in T'^ and S'^ , we consider as a trivial GalR-module. 

The action of W on Y'^ yields a homomorphism w: T T. The isomorphism 
Int((/): yJ —>■ Y^* yields a pullback isomorphism g: T ^ S, fitting into a commuta¬ 
tive diagram. 

f —^ S 


(TOW 


a 


f 


-A ^ 
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Taking the C((u))-poiiits in (I18.4|) . pushing out via K 2 (C((i;))) -» , and pulling 

back via tJ —>■ S(C((u))) and ^ T(C((v))) yields a commutative diagram of 
abelian groups, relating the second Brylinski-Deligne invariants of S and T. 


(18.5) 



Recall that w £ G = G(]R) and w-g = ^g. It follows that, while Int(g): —>■ 

is typically not GaljR-equivariant, the following diagram commutes. 




Int(it;) o (7 




Let Spl(Ill*) be the T-torsor of splittings of D'^, and Spl(I?g) the ^-torsor of 
splittings of Dg. The GaljR actions on D'^ and Dg yield GaljR-actions on Spl(Zl**) 
and Spl(Ilg), compatible with those on T and S. Moreover, if s S Spl(Z?l*) then we 
hnd a splitting 

g*s = Int(g)”^ o s o Int((7) G Spl(T>g). 

Similarly, we may construct a splitting w*s = Int(rii)“^ osoInt(ii;) G Spl(Zl^). The 
following diagrams commute, exhibiting the interactions of Galois actions, torsor 
structure, Int(i/;), and Int(g). 


SpliDi) Spl(i^^) 

W* O (7 ^ 

Spl{D^) Spl(i^^) 


f X Spl(D«) Spl(D«) 

3 X 3* g* 

5 X Spl(Zl^) Spl(7^^) 


Let Spl(Il**) denote the pushout of the torsor Spl(Il®) via g: T S. Thus 
5 * Spl(Z?t*) has the same underlying set Spl(Il**), but is now viewed as a ,S-torsor. 
The commutativity of the diagram above (on the right) demonstrates that 

g*-.g, Sp\{D^) ^ Spl{Dl) 

is an isomorphism of S-torsors. 

Write \/Spl(I?#) for the groupoid of square roots of the T-torsor Spl(T)**). Sim¬ 
ilarly, write Y^^Spl(T^ for the groupoid of square roots of the .S-torsor Spl(S'). 
If x = {H,h) G y^Spl(T)#), then pushing out yields a square root {g*H,g^h) G 
g* Spl(T)#). Composing with the isomorphism of ^-torsors g*: g^,Sp\{D^) —>• 

Spl(T)g), we find an object = {g^H^g* o g^h) G y^Spl(T)g). 
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The diagrams and discussions above define functors of groupoids, 


a, : ^JSv\{Di) ^ ^/spKD^) 
as,.: ^ ^/spKDl) 

w. : sJSp\{Di) ^ y/spl(£>#) 

g. : ^JSp\{Di) ^ ^Splp^). 

Lemma 18.12. Let w be any element o/Ng(T)(C) satisfying = 1 (e.g, the 
element w = '^g- g~^ from before). Let x = {H, h) be any object of ySplplff). Then 
there exists an isomorphism p: i —> w^,x in the groupoid ySplp^#) such that the 
morphism 


• 2 — P • - _ _ 

p : X —> w^x > w^w^x = X 


equals the identity. 


Proof. Since w is an involution in W, there exist strongly orthogonal roots ai,..., 
with asso ciated r oot reflections wi,... ,we G W, such that w = Y[i=i (s®®; 
example, Mic75L Proposition 1.1]). Let qi = Q{aY) and let m = Ua^. Thus rij = 1 
if qi is even, and = 2 if qi is odd. Define 


e 

/3 = '^qiCti G XQ,n. 

i=l 


Orthogonality implies that w{fi) = —/3. 

Also, orthogonality implies that the coroots af are Q-linearly independently, 
and so there exists a splitting s G Spl(Ilt*) which is aligned in the sense that 


(18.6) 


s{ol[) = [ei]”% for all 1 < i < ^. 


As in Lemma 13.161 if d G D® lies over y G y«, we have 


Int(zi;)d = d - n • (-1)9 ^^(-"^<“o!/»^ , 

i=l 


Here and below, e{N) = A^(A^ + l)/2 for any integer N. As in Theorem 13.171 recall 
that s(2N) = N modulo 2, and e{—N) — N = e{N) modulo 2. 
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When s is aligned as in (I18.6I1 . we compute 
K(s)](y) = Int (ii;)s ( y- I > 


i=i 


= Int(ii;)s(?/) • J^Int(w)s(aJ) 
i 

= s{y) ■ 

i 

= s{y) ■ (-i)9iE(-’^d<5i.y»+«i(5..y>e(-2»,)^ (by (fTHiH) and orthogonality) 


= s(y) ■ n(“i) 


qie{ni{ai,y)) 


z=l 


If rzi = 1, then is even and the exponent qis(ni{a^y)) is even. If = 2 then 
e(rii{a,y)) has the same parity as {a,y). In both cases, we find 


n(-i 


_l\qie{ni{ai,y)) 


=n(-i) 


qi{ai,y) 


Hence 


Int(ii;)s = (—1)^ * s = * s. 

Since h: H ^ Spl(id*) is surjective, let a G id be such that h{a) = s, with s 
aligned as above. Let p: x ^ w^fX he any isomorphism in the connected groupoid 
\/Spl(ii#). Then, as a function from H to H, we have p{a) = f * a for some f € T. 
We have 

s = h{a) = lnt{w){h{p{a))) = lnt{w){h{f * a)) = w{f'^) * Int(u;)(s), 

and so 

w{ff = G f. 

Since w{[3) = —P, ■u)(e*'^^) = and so too. Define 

p = op^ a = *a€H. 


Note that r' and so p: a: —> ih^a; is again a morphism in i/Sp^D#). 

As in Lemma 15.101 we compute 

p(d) = * a), 

= f-ie*-/5/2e-*-/5/4 „ (since 

= ^-lgi^/3/2g-i7r/3/4~^^^ 

= ^-lgi7r/3/2g-i,r/3/4»g-*,r/3/4 ^ ^ ^ 


Hence p{p{d)) = a. But p o p is a T-torsor isomorphism from H to itself, and so 
p2 = Id. □ 
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Now fix an object z = (iJ, h,j) of the groupoid Ee(G)[C]. Define x = (iJ, h), an 
object of y^Spl(-D#). Pushing out yields an object g^x € y^Spl(Dg). 

Theorem 18.13. There exists an L-morphism making the following diagram 
eommute. 


-» GalR 


-A 


-A GalR 


‘ 

Proof. We begin by producing an L-morphism 1(g) making the following diagram 
commute. 

^ 7rf(E,(G),z) -A GalR 

Hg) 


9 

'I' 

S'^ ■ 


> Trf (Ee(S), 5 *a;) - A GalR 


Gonsider a morphism /; z —>■ cr*z in the groupoid Eg (G) [C] . Thus / is an element 
of 7r®*(Eg(G), z) lying over cr. / restricts to an isomorphism from x —> cr*a; in the 
groupoid E(:(T)[C]. 

Ghoose an isomorphism p\ x ^ w^,x in the groupoid Y^Spl(D#) such that = Id, 
as in the previous lemma. From the proof of Theorem 15.131 the following diagram 
in the groupoid Ee(T)[C] commutes. 


-A cr*a; 

p 


f 


- 5 - W^:U,.X = a^:W^:X 

The equality w^<Tt,x = a^,Wt,x follows from the fact that w is GalR-invariant. It 
follows that = (p/)^ G Z'^ ■ 



fof 


To compute g'^(f^), we apply the functor p* throughout. 

_ 9*f - 9*P . _ . _ 9*f . _ . - 9*P - 

^^(7s^X ~ y Qi^CTi^XU^X — ^ Qi^XJJ^CTi^CTi^X — Q^W^^X ^ Q<^X. 


g''U°f) 

But gt.w^:afX = afg^:X, so the diagram above yields a commutative diagram in 

E,(S)[C], 

(18.7) 


g''Uof) 

Now we define the L-morphism I{g) as follows. Since / lies over cr G GalR, 


_et 


(E,(G),z) = Z'^U/.Z^. 
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Define I{g)C = 5^(C) for C £ ■ Define I{g)f = g*{pf)- To see that I{g) ex¬ 

tends uniquely to a homomorphism from 7r®‘(Ee(G), z) to 7rf*(Ee(S), it suffices 
to observe two facts. 

• For all C, G Z'^, we have g'^cr{C) = ff^(o'(rc^(C))) = so g'^ is 

GalR-equi variant. 

• Diagram ( |18.7p implies that I{g)P = g'^{P) = {g*{pf)f = {I{g)ff. 

To finish the proof, we recall that the first Bryliiiski-Deligne invariant of S sat¬ 
isfies Qs{y) = Q(Int(g)?/) for all y G Yg- It follows quickly that tq^: p 2 —t S'^ 
satisfies rQ 3 (±l) = (/'^(tq(± 1)). Hence we find a L-morphism Tg making the fol¬ 
lowing diagram commute. 

Z'^ '-^ (tq )*gSk -» GalR 

g'^ '^s = 

'- > (tqs )*GalR- » GalR 


The Baer sum yields the desired L-morphism ^g = 1(g) -i- Tg. 


□ 


Corollary 18.14. Let p G be the half-sum of the positive roots for G with 
respect to B D T. Let k G ^Xq ^IXq ^ be the element defining the double cover 
SQ,n Sq^n- Then the map inf gives a bijection, 


^disc/QX ^ P + P + XqP n Xq g 

W — conjugation 

Proof. From Lemma flS.fil we find that ^ G ^Xg^n is in the image of inf if and only if 
f is regular and for some (j g'~Z lying over a G GalR. The previous 

Theorem, together with Lemma [17.31 implies that g'^(P) = {I(g)C)^ = G S'^. 
The result follows immediately. □ 

Recall that the infinitesimal character provided a finite-to-one surjective map. 


inf: nf"‘=(G) ^ 


W — conjugation 


The IT-equivariant inclusion X ^ ^Q,n uniquely determines a parameterization 
of discrete series 

Theorem 18.15. There is a unigue finite-to-one function —>■ ^^'^'^(G), 

making the following diagram commute. 


y-rdisc/p'i inf (K + p+X)nX”^ 

^ / W— conjugation 

^diac 

^disc/^\ inf ^ (^+p+AQ,n)nA0 ^ 
e \ / W — conjugation 


Proof. This follows from the bijectivity of the bottom row, and the finite-to-one 
nature of the top row. □ 

This theorem provides a finite-to-one parameterization of the genuine discrete 
series representations of G, by discrete series Weil parameters valued in '“G. 
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Appendix 

19 . Torsors, gerbes, and fundamental groups 

Let S' be a connected scheme, and S^t the etale site. Our treatment of sheaves 
on S^t follows |SGA4.5l . §11]. Recall that a geometric point of S is a morphism of 
schemes s: Spec(F) —>■ S, where F is a separably closed field. 

An open etale neighborhood of s is an etale morphism 17 —>■ S endowed with 
a lift u: Spec(F) —^ [/ of the geometric point s. If s is a geometric point, we 
write 7rf*(S, s) for the etale fundamental group. When s is fixed, we define Gals = 
7rf (S, s). 

19 . 1 . Local systems on S§f 

Definition 19.1. A local system on S^t is a locally constant sheaf 3 of sets on S^t- 

When 3 is a local system on Set and U ^ S is etale, we write 3[U] for the set of 
sections over U and we write 3u for the local system on Get obtained by restriction. 
If s is a geometric point of S, then the fibre 3s is the inductive limit liip^, 2[U], over 
open etale neighborhoods of s. By local constancy, 3s = 2\U\ for some such open 
etale neighborhood. Often in this paper we work locally on ^et and abuse notation 
a bit by writing j S 3 rather than j G 3\U] (for an etale U ^ S). 

More generally, if C is a category, then one may work with local systems on S^t 
of objects of C, or “C-valued local systems.” If C —?> D is a functor, then one finds a 
corresponding functor from the category of C-valued local systems to the category 
of D-valued local systems. Fibres of such C-valued local systems over geometric 
points make sense in this generality, by local constancy. 

Example 19.2. Let JA be a local system on S^t of finitely-generated abelian groups, 
and let R be a commutative ring. Then Spec(i?[M]) will denote the local system on 
S^t of affine group schemes over R given by 

Spec(R[M])[G] = Spec(i?[M[G]]). 

We will work with local systems of groups, local systems of affine group schemes 
over Z, local systems of root data, etc.. 

19 . 2 . Torsors on S^t- 

Definition 19.3. Let S be a sheaf of groups on S^t- A S-torsor is a locally 
nonempty sheaf of sets V on S^t, endowed with an action S x V —?> V, such 
that 

S X V — >■ V X V, {g,v) 1 -^ {g * v,v) 

is an isomorphism of sheaves of sets on S^t ■ Morphisms of S-torsors are morphisms 
of sheaves on S^t which intertwine the 9-action. The category of 9-torsors will be 
denoted Tors(S). 

If V is a S-torsor, we write [V] for its isomorphism class. The isomorphism classes 
of S-torsors form a pointed set denoted 9). The set is pointed by the isomor¬ 

phism class of the neutral S-torsor: 9 itself, as a S-torsor by left-multiplication. If 
V is a S-torsor, U ^ S is etale, and v G V[G], then write vu' for the restriction of 
v to any further etale U' —>■ U. For any such U', and any w G V[G'], there exists a 
unique g G S \U'] satisfying w = g * vu' ■ Allowing U' to vary, the map w ^ g gives 
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a 9c/-torsor isomorphism from Vu to Sc/. Thus we say that the point v G V\U] 
neutralizes the torsor V over U. 

The category of torsors has more structure in the abelian case. If .A is a sheaf 
of abelian groups on S^t, then the category Tors(A) inherits a monoidal structure. 
Namely, if Vi and V 2 are two A-torsors, dehne 


Vi +V2 


Vi X V2 

(a * vi,V 2 ) ^ {vi,a + V 2 ) 


With this monoidal structure, the trivial torsor A as zero object, and obvious 
isomorphisms for commutativity and associativity and unit, the category Tors(A) 
becomes a Pic ard gro upoid (i.e., a strictly commutative Picard category, in the 
terminology of |SGA4l . Expose XVIII §1.4]. The pointed set of isomorphism classes 
Hl^{S,A) becomes an abelian group, with 


[Vi] + [V2] := [V1+V2]. 

The group H^^{S,A) is identified with the etale cohomology with coefficients A. 

Suppose that /: A —> S is a homomorphism of sheaves of groups on S'et, with A 
abelian, and / central (i.e., / factors through the inclusion of the center Z ^ S). 
If V is an A-torsor, then we write /*V for the pushout. 


{g,a*v) {f{a) ■ g,v)' 

This operation of pushing out torsors defines a functor. 


/*: Tors(A) -> Tors(S). 


li g G 5 and v G V, we write g A v for its image in /*V. Then 
gA{a*v) = gf{a) Av = f{a)g A v. 


The S-torsor structure is given by 

'y * {g A v) = ('jg) A u, for all 7,5 G S, G V. 


Suppose that c: Ai —>■ A 2 is a homomorphism of sheaves of abelian groups on 
S'^t- Let Vi be an Ai-torsor and V 2 an A 2 -torsor. A map of torsors tt: Vi —?> V 2 
lying over c means a morphism of sheaves of sets on S'et satisfying 

7 r(ai * Pi) = c(ai) * Tr{vi), for all oi G Ai,Vi G V/. 

Such a map factors uniquely through c*Vi. 

A short exact sequence of sheaves of abelian groups on 

(19.1) aAs^C, 


yields two more constructions of torsors. 

First, the sequence yields a boundary map in cohomology, 9: C) —?> Hl^{S,A). 

There is a corresponding map from global sections of C to objects of the category 
of A-torsors as follows. 

Begin with c G C[S'] and write [c] to consider it as an element of H9^{S, C). For 
any etale C/ —>■ S', write cjj G Q\U] for the restriction of c to U. Define dc to be the 
sheaf on S^t whose sections are given by 

dc[u] = {bGnu]-m = cu}- 

The sheaf dc is naturally an A-torsor; the equivalence class \dc\ G Jl9^(S,A) coin¬ 
cides with d[c\. The sheaf dc is called the torsor of liftings of c via /3. 
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Next, write J-Com(C,'B) for the sheaf of homomorphisms (“sheaf-hom”) from C 
to 53. This is a sheaf of abelian groups on Set, and there is a subsheaf of sets 
§pl(53) consisting of those homomorphisms which split the extension (119.11) . This 
subsheaf §pl(53) is naturally a 9-Com(C, .A)-torsor, called the torsor of splittings. 
This corresponds to a familiar map in the cohomology of sheaves of abelian groups, 


Ext(C,yi) — 7 > Jlj^(S,CKom(G,A)). 


19.3. Gerbes on Set- Here we introduce a class of gerbes on Set- In what follows, 
let .A be a sheaf of abelian groups on S^-t- 

Definition 19.4. A gerbe on S^t banded by A is a (strict) stack E on S^t of groupoids 
such that E is locally nonempty, locally connected, and banded by A. 


We unravel this definition here, beginning with the data. 

a (strict) stack E on S'et of groupoids: For each etale U ^ S, we have a 
(possibly empty) groupoid E[f7]. For 7 : t/' —>■ {7, a morphism of schemes 
etale over S, we have a pullback functor 7 * : E[[/] —>■ E[17']. 

banded by A: For every object x of E[{7], there is given an isomorphism 
A[17] —>■ Aut(a:) (written a 1 —>■ ax)- 
This data satisfies additional axioms: 

(strict) stack axioms: For each pair 7 : U' —)> t/ and S: U" U', we re¬ 
quire equality of functors <5* 07 * = ( 7 ( 5 )*. (“Strictness” refers to the require¬ 
ment of equality rather than extra data of natural isomorphisms). Descent 
for objects and niorphisms is effective. 

locally nonempty: There exists a finite etale U ^ S such that E[t/] is 
nonempty. 

locally connected: For any etale U ^ S and pair of objects x,y G E[17], 
there exists a finite etale 7 : U' ^ U such that ^*x is isomorphic to 7 * 1 / in 
E[U']- 

banding: Given a morphism f: x ^ y in E[17], and a G A[17], ayof = foax- 
Also, given 7 : U' ^ U etale, a.y»x = "1*ctx G Aut( 7 *a;). 


Remark 19.5. We will not require gerbes banded by nonabelian groups - com¬ 
mutativity greatly simplifies the t heory. For a fuller trea tment o f gerbe s. one can 
consult the o riginal book of Giraud Gir7l| . work of Breen Breldl . Bre9r)l | . the book 

the introduction of 
among others. We 


of Brylinski Brv93l C hapter V], the article of Deligne jDel91 


Garland and Patnaik PG08l | , and the Stacks Project Stacfa [ 


don’t keep track of universes along the way, while Giraud |Gir71| is careful about 
set-theoretic subtleties. Our “strictness” assumption is typ ically referred to as an 


assumption that the fibred category E —S'et is “split” (see VisAdj l. The strictness 
assump tion is not so restrictiye, s ince ey ery stack is equiyalent to a strict stack (cf. 


mp 

Vis(M Theorem 3.45]). See also [Gir7ll . §1.1]. 


If E is a gerbe on S^t banded by A, and t/ —>■ S is etale, then we write Ejj for 
its restriction to t 4 t; this is a gerbe on U^t banded by Au- 

Our strictness assumption allows us to easily define the fibre of a gerbe E at 
a geometric point s. This is the category Eg whose object set is the direct limit 
lim^ E[17] of object sets, indexed by open etale neighborhoods of s. Write A = Aj 
for the fibre of A oyer s. If zi,Z 2 are objects of Eg, then Hom(zi,Z 2 ) is naturally 
an A-torsor. 
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lix,y € E[[/], then for 7 : U' ^ U define 

‘Kom{x,y)\U'] = Hoin( 7 *x, 7 *?/). 

In this way, we construct a sheaf ^om{x,y) of sets on C/et- In particular, we find 
a sheaf of groups Aut(x) on [/et- The banding provides an isomorphism of sheaves 
of groups, Air Aut{x), and 'Kom(x,y) becomes an yi( 7 -torsor. 


19.3.1. Functors of gerbes. Suppose that c: Ai —>■ A 2 is a homomorphism of sheaves 
of abelian groups on and Ei, E 2 are gerbes on S^t banded by Ai^A 2 ^ respec¬ 
tively. A functor of gerbes (p: Ei —?> E 2 , lying over c, is a (strict) functor of stacks 
lying over c. This entails the following. 

(strict) functor of stacks: For each etale 1/ —>■ S', a functor of categories 
PIU]: Ei[17] —>■ E. 2 \U]. For every 'y: U' ^ U, with pullback functors 7 )" in 
El and 72 in E 2 , the “strictness” condition requires an equality of functors, 
72 °^[U] = P[U']ojI. 

lying over c: The “lying over c” condition requires that, for each ai G 
with 02 = c(ai), and object xi G Ei[17] with X 2 = (j)\U]xi, we have 

(a2)x2 = ((ai)a;i) G Aut(x2). 


Gerbes on S,st, banded by a fixed sheaf of abelian groups A form a 2-category 


(in the sense of 
same A, 

Id: A - 


Gir7ll . §1.1.8]); if Ei and E 2 are two such gerbes banded by the 
an equivalence of gerbes ^:Ei—^E 2 isa functor of gerbes lying over 
A. Given two such equivalences of gerbes Ei —E 2 , a natural 

isomorphism (p ^ p' consists of natural isomorphisms of functors p\U]^ 4>'W\ lor 
each U, compatible with pullback. This defines a 2-category of gerbes banded by 
A, equivalences, and natural isomorphisms of equivalences. 

Given two gerbes Ei, E 2 banded by A, one may “contract” them to form another 
gerbe Ei -j- E 2 banded by A. The family of categories of torsors, Tors(A), given by 
Tors(A)[t/] = Tors(Ac/) (for each etale U —>■ S), with pullbacks given by restriction 
of sheaves, forms the neutral A-gerbe on S^t- E -j- Tors(A) is equivalent to E, for 
any gerbe E banded by A (and the equivalence is determined up to unique natural 
isomorphism). 

Suppose that E is a gerbe on Set banded by A, and x is an object of E[[/] for 
some etale U ^ S. Then, for 7 : U' ^ U etale, and y G E[17'], we have a Ac/'-torsor 
J-Com(j*x, y). This map y 1 —>■ !Kom(j*x,y) extends to an equivalence of gerbes 
from E (7 to Tors(A)( 7 . In this way, we say that x neutralizes the gerbe E over U. 

If E is a gerbe banded by A, we write [E] for its equivalence class. The set of 
such equivalence classes is denoted H?^{S,A). This forms an abelian group, with 
zero corresponding to the neutral gerbe of A-torsors, and addition arising from 
contraction. From |Gir71 |. we identify F[?^(S,A) with the etale cohomology of S 
with coeffiencts A. 


19.3.2. Pushouts. Given a gerbe Ei banded by Ai, and c: Ai —>■ A 2 as above, one 
may construct a gerbe c*Ei banded by A 2 called the pushout of Ei by c. Any 
functor of gerbes p: Ei —E 2 lying over c factors through a functor c*Ei —>■ E 2 (the 
functor being determined uniquely up to unique natural isomorphism, see Del9ll . 
§5.3]). The objects of c*Ei are the same as those of Ei. But, given two such objects 
x,y G Ei[{ 7], the morphism set Homc.Ei (a:, y) is defined as the pushout of torsors, 


Home.El {x, y) = c* HomEi (a;, y). 
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If x,?/ S / S HoniEi (x, y), and a 2 G A 2 \U], we write a 2 A / for the resulting 

morphism from x to y in c*Ei. If ai S Ai\U], then we have 

ot 2 A {ai^y o f) = (02 • c(q;i)) A /. 

The pushout of gerbes corresponds to the map in cohomology, 


HUS,A,)^HUS,A2), [Ei]^c4Ei]. 
See Gir7lL Chapitre IV, §3.3, 3.4] for details. 


Ct P 

19.3.3. The gerbe of liftings. If ^ 23 ^ C is a short exact sequence of sheaves 
of abelian groups on S^t, then the sequence of cohomology groups, 

HUS, A) A HUS, 23) A HUS, 6) 

is also exact. The analogous construction with gerbes is the following: suppose 
that E is a gerbe banded by 23, F is a gerbe banded by C, and p: E F is a 

functor of gerbes lying over 23 A 6. If z is an S'-object of F (neutralizing F, so that 
0 = [F] G H?^{S,G)), then cohomology suggests that E arises as the pushout of a 
gerbe banded by A. 

Indeed, we define the gerbe p~^( 2 ;) as follows: the objects of p'^(z)[[/] are pairs 
(y, j) where y is an object of E[U], and f : p(y) —>■ z is an isomorphism in F[[/]. The 
morphisms in p~^(z) are those in E which are compatible with the isomorphisms 
to z. The gerbe p~^(z) will be called the gerbe of liftings of z via p. It is a gerbe 
banded by A, and there is a natural equivalence from a*p~^(z) to E, given by 
“forgetting j.” 


19.3.4. The gerbe of roots. Suppose that 6 is a sheaf of abelian groups on S^t, 
and the homomorphism C C is surjective. An important example of a gerbe of 

n 

liftings arises from the Kummer sequence C[„] 6 —» C. 

Pushing out gives to a functor of gerbes, n*: Tors(C) —Tors(C), lying over 

n 

6—^6. Given a C-torsor V, the gerbe of liftings of V via n* will be called the 
gerbe of n*** roots, denoted l/V. It is a gerbe on S'et banded by C[„]. The map which 
sends a C-torsor to its gerbe of roots corresponds to the Kummer coboundary 
map >r: HUS, C) ^ HUS, e[„]). 

Explicitly, an object of is a pair (TC, h) where 5f is a C-torsor, and h: df —>■ V 
is a morphism of sheaves making the following diagram commute. 


C X 5f —^ 

n X h h 

C X V —^ V 


The construction of the gerbe of roots is itself functorial. Consider a ho¬ 
momorphism of sheaves of abelian groups, c: Ci —C 2 , and assume that Ci ^ Ci 
and C 2 U C 2 are surjective. Suppose that Vi is a Ci-torsor, and V 2 is a C 2 -torsor. 
Suppose that /: Vi —>■ V 2 is a morphism of torsors lying over the homomorphism 
c: Cl —>■ C 2 . Then we find a functor of gerbes t/f ■ AA —t AA lying over the 
homomorphism of bands Ci,[n,] —>■ C 2 j„]. 
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19.4. Fundamental group. Now let A he a. local system of abelian groups on 
Set- Let E be a gerbe on Set banded by A. Let F be a separably closed field, let 
s: Spec(.F') —>■ F be a geometric point, and recall that Gals = 7 rf‘(S', s) denotes the 
etale fundamental group. 

Suppose that [/ —>■ S' is a Galois cover, and u: Spec(.F') —?> U lifts the geometric 
point s. Writing Galy = 7 r®‘(C 7 , w), we find a short exact sequence 

Gale/ -A Gals ^ Gal(t7/S). 

If 7 £ Gals we write for its image in Gal(t7/S). 

Suppose moreover that Ajj is a constant sheaf and E[{7] is a nonempty groupoid 
(i.e., E is neutral over U). Write A = A\U] for the resulting abelian group. Then A 
is endowed with an action of Gals that factors through the finite quotient Gal(C//S). 
An object z £ E[C/] will be called a base point for the gerbe E (over U). The banding 
identifies A with the automorphism group of z. 

Without loss of generality, pulling back to a larger Galois cover if necessary, we 
may assume that Hom(z, 7 yz) is nonempty for all 7 £ Gals. In this way, the base 
point z £ E[C/] and 7 £ Gals define an A-torsor, 

Aut.y(z) := Hom(z, 7 yz). 

We write 7 * instead of 7 ^, when there is little chance of confusion. 

Define the etale fundamental group of the gerbe E, at the base point z, by 

7 ri(E, z)= |_| Aut^(z). 

7eGals 

The group structure is given, for 71,72 £ Gals, by the following sequence. 
Aut.y^(z) X Aut.y 2 (z) = Hom(z, 7 *z) x Hom(z, 72 z) 

Hom( 72 Z ,72 7 iz) x IIom(z,72z) 

A Hom(z,72 7iz) 

A Hom(z, ( 7172 ) A) = AutT,i.y 2 (z) 

As Autid( 2 :) = Aut(z), the isomorphism A Aut(z), a 1 —>■ a^, gives an extension 
of groups, 

(19.2) A-A7rf(E,z)^Gals. 

If 7 £ Gal (7 C Gals, then ju = Id and so Aut.y(z) = Autid(z:). In this way, we 
find a splitting Galj/ ^ 7 ri(E,z). In other words, 7 rf*(E,z) arises as the pullback 
of an extension of Gal(?7/S') by A. The conjugation action of Gals on A, in the 
extension (119.21) . coincides with the canonical action of Gal(U/S) on A = A[[/]. 

The sequence (|19.2|) describes the fundamental group of a gerbe (with base point) 
as an extension of Gals by A. Here we analyze how this fundamental group depends 
on the choice of base point, and how it behaves under equivalence of gerbes. 

Consider a further Galois cover d :[/'—>■ C/ and geometric base point u' lifting 
u. By constancy of Ajj, we identify A = A\U] = A[C/']. For all 7 £ Gals, we 
have 7 j/ o (5 = (5 o 7 ( 7 /. This defines an isomorphism of A-torsors, 5* : Aut-),(z) A- 
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Aut7((5*2), using the sequence below. 

Aut.y(z) = Hom( 2 , 7 yz) \Iouy{ 5*z, 5*z) 

^ Horn {5*z, 

—>■ Horn {5*z, {6^u')*z) 

^ Horn (5*2,7y,(5*z) = Aut.y(5*2). 

Putting these isomorphisms together, we find an isomorphism of extensions. 

A '-7rf*(E, z) -»■ Gals 

= LS = 

A ‘^ Trf (E, S*z) -» Gals 


A further cover S': U" U', with S" = 6 o 6': U" 

diagram in the category of extensions of Gals by A. 


U, gives a commutative 


-f(E,z) 



> 7rf (E, (5')*5*2) = Trf (E, {S”)*z) 


Define z G Eg to be the image of the base point z in the direct limit. We call z 
a geometric base point for the gerbe E. Define 

Trf (E, z) = limTrf (E, 5*z), 

U' 

the direct limit over Galois covers 6: {U',u') —>■ {U,u), via the isomorphisms is 
described above. This gives an extension of groups, depending (up to unique iso¬ 
morphism) only on the geometric base point z G Eg. 

A-ATrf(E,z) ^ Gals. 

This extension is also endowed with a family of splittings over finite-index subgroups 
Galf/ C Gals, arising from base points z G E[{7] mapping to z. Having such 
splittings is useful for topological purposes, e.g., Trf (E, z) —>■ Gals is naturally a 
continuous homomorphism of profinite groups when A is finite. 

Gonsider a second geometric base point zq G Ej (over the same s —>• S). There 
exists an isomorphism /: zq —>■ z in Eg. For a sufficiently large Galois cover U ^ S, 
we may assume that /: zq —>■ z arises from a morphism /: Zq —>■ z in E[17]. 

Define if. Aut.y(zo) —>■ Aut.y(z) to be the bijection 

if{ij) = 7 */ o o /-f for all 7 G Aut^(zo), 

making the following diagram commute (in the groupoid E[{7]). 

/ , 

Zo-)• z 

k I'•/(';) 


7 2^0 
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As 7 varies over Galg, this provides an isomorphism of extensions, (./ : 7r®*(E, zo) 
7r®*(E, z). Passing to the direct limit, we hnd an isomorphism of extensions depend¬ 
ing only on /: Zq z, 


A ‘-)■ 7r®*(E, zo) -Gals 

= '-/ = 

A '- > z) - » Gals 

Given another isomorphisms g: zq ^ z, there exists a unique element a G A 
such that g = ctz o f. As for /, we may assume that g arises from g: zq ^ z in 
E[[/]. It follows that, for all rj G Aut-y(zo), 

hiv) =1*9°V°9~^ 

= l*{az o /) o ?7 o f~^ o a~^ 

= ^*az o i/(?7) o a~^ 

= a^*z o '•/(ry) o o.~^ 

In other words, we have ig = Int(a) o i-/- 

To summarize the relationship between gerbes banded by A and extensions of 
Gals by A, we have the following. 

Theorem 19.6. To each geometric base point z G Ej, we obtain an extension 

A-A7rf(E,z)^Gals, 

known as the fundamental group of the gerbe E at z. For any two geometric base 
points zq, z, we obtain a family of isomorphisms of extensions 

7 rf (E,zo) Trf (E,z), 

any two of which are related by Int(a) for a uniquely determined a G A. 

This theorem may seem more natural using 2-categorical language as follows: 
consider the 2-category OpExt(Gals, A.) whose objects are extensions of Gals by 
A in which the Gals action on A = As coincides with that which arises from the 
local system A. The morphisms in this category are isomorphisms of extensions 
(giving equality on Gals and A). Given two such morphisms r, l' sharing the same 
source and target, a natural transformation i r' is an element a G A such that 
l' = Int(a) o L. A restatement of the above theorem is the following. 

Theorem 19.7. A gerbe E banded by A, and a geometric point s ^ S, yield an 
object 'k’1^{E,s) o/O pExt(Gals, A), well-defined up to equivalence, the equivalence 
being uniquely determined up to unique natural isomorphism. 

Remark 19.8. If A is a constant sheaf, then the extension A ^ 7rf*(E,z) ^ Gals 
is a central extension. It follows quickly from the theorem that we may define an 
extension 

A-A7rf(E,s) ^Gals 

up to unique isomorphism (without choice of geometric base point z). In this case, 
the 2-category OpExt(Gals, A) is an ordinary category: the only transformations 
are the identities. 
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Next, consider a functor of gerbes (/>: Ei —>■ E 2 lying over a homomorphism 
c: Ai ^ A 2 oi local systems of abelian groups. If zi is a geometric base point 
for El over s, arising from zi G then let = (l)\U]{zi). Define Z 2 to be 

the resulting geometric base point of E 2 . Our strictness assumption for functors of 
gerbes implies that the geometric base point Z 2 depends only on the geometric base 
point zi, and not on the choice of zi. 

For any 7 G Gals, we obtain a map Aut.y(zi) —>■ Aut.y(z 2 ), given by 

Aut..y(zi) = Hom(zi, 7 *zi) Hom(0[C/](zi),(^[{ 7 ]( 7 *zi)) 

= Hom(z2,7*^[17](zi)) 

= Hom(z2,7*2:2) = Aut.y(z2)- 

Putting these together yields a homomorphism of extensions, 

Ai '-^ 7 rf*(Ei,zi)-» Gals 

A 2 '-> 7 rf (E 2 ,Z 2 )->> Gals 

If (j), (j)': El —>■ E 2 are two functors of gerbes lying over c: Ai —?> A 2 , and 4>{zi) = 
4>'{zi) = Z 2 ^ then we find two such homomorphisms of extensions, 

7rf (Ei,zi) ^ Trf (E2,Z2), 

lying over c: Ai —>■ A 2 . 

If 0 =>())' is a natural isomorphism of functors, then N determines an iso¬ 
morphism 0 (^ 1 ) —> (j)'{zi), whence an isomorphism Z 2 ^ Z 2 - Such an isomorphism 
is given by an element 02 G A 2 = Aut(z 2 ), and one may check that 

(j)' = Int(a2) Trf (Ei,zi) -)> irf (E2,Z2). 
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